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Learning in dynamic assortment planning under multinomial logit (MNL) demand couples revenue and

information through the denominator shared by every displayed product, which fixes what an assortment

earns and what each choice reveals. We study Thompson sampling, where every decision optimizes an attrac-

tion vector drawn from the representation it maintains. That representation is a design choice: filtering

the likelihood to product-versus-outside comparisons gives one conjugate law per product but discards the

substitution evidence coupling the attractions, which the complete likelihood keeps at a cost. We analyze

both ends of this information-filtration trade-off, and one approximation in between. At the filtered end,

the probability that several independent draws are optimistic at once can decay exponentially in the display

capacity K; existing analyses avoid this by correlating, resampling, or inflating draws. None of that is nec-

essary: the linear-fractional form of MNL revenue tests whether correcting one omitted draw would improve

the sampled optimum; with scalar posterior odds and per-product clocks, coordinate repair gives gap-free

frequentist regret Õ(
√
NKT ) for independent BetaPrime draws, without resampling or variance inflation.

At the complete end, a Gamma–Exponential augmentation yields a Gibbs sampler for the joint posterior,

and it attain Bayesian regret Õ(
√
NT ), uniformly in K. These appear to be the first such guarantees for

product-wise independent draws and the complete MNL posterior. A mean-field representation attains gap-

free frequentist regret Õ(K
√
NT ) once its sampling center is certified and its dispersion is corrected for the

coupling it discards; a computational study maps the statistical–computational trade-off.
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1. Introduction

Motivation. Dynamic assortment planning asks which products a retailer should display when the

demand for them must be learned from the purchases they generate. The problem is traditionally

cast in the bandit paradigm (Caro and Gallien 2007, Rusmevichientong et al. 2010, Sauré and

Zeevi 2013), with feedback that is structured and censored: only the alternative a customer selects

is observed. In each period, the retailer selects at most K products from a catalog of size N , where

the display capacity K reflects limited shelf space or screen positions. The arriving customer either

purchases one of the displayed products or selects the outside option and leaves without buying.

Under the multinomial logit (MNL) demand model (Luce 1959, McFadden 1978, Train 2003), each

product i carries an initially unknown attraction vi > 0, with larger values indicating greater appeal,
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and the probability that a customer buys product i from an assortment S is vi/(1 +
∑

j∈S vj),

where the outside option is normalized to attraction one. The retailer faces two intertwined tasks:

earning revenue from the assortments it displays, and learning the attractions that determine

which assortments are profitable. The denominator shared by every displayed product enters both

tasks. It determines the revenue of an assortment, because adding a product diverts demand from

those already shown; and it governs what is learned, because one observed choice is informative

about every alternative available and rejected. Over a horizon of T customers, every displayed

assortment both earns revenue and generates the substitution evidence on which later ones depend:

the exploration–exploitation trade-off in structured form.

Many sequential learning policies address uncertainty through the principle of optimism. An

upper confidence bound (UCB) policy constructs a favorable model from a confidence set and acts

as though that model were true (Auer et al. 2002); in the assortment setting, Agrawal et al. (2019)

build such bounds on the attractions themselves. Thompson sampling (Thompson 1933) instead

draws a plausible parameter vector and optimizes for the draw. The intuition is that a decision

taken under an optimistic view of demand either performs well, in which case little is lost, or is

contradicted by the observations it generates, in which case the optimism is corrected; regret, the

revenue forgone relative to a benchmark that knows the true attractions, accumulates only through

the second case. A common way to make this precise is to show that the benchmark’s assortment

is represented optimistically often enough and that the supporting errors accumulate slowly.

For a randomized policy, how those draws are generated is itself a design choice, and two dis-

tinct forms of dependence are at stake. The first is statistical. Because one choice is informative

about every displayed alternative, the observations leave the attractions dependent; a policy that

maintains one state per product and samples each coordinate independently forgoes that depen-

dence, whereas a policy that retains the complete MNL likelihood preserves it, at a computational

cost. The second is algorithmic: even with a product-wise representation, a policy may deliberately

depart from a plain draw off its current posterior in order to coordinate exploration, whether by

correlating the draws across products, by inflating each product’s sampling variance beyond what

its posterior would produce so that a favorable value becomes more likely, or by combining the two,

as when a coordinate-wise maximum over several correlated draws is used to secure optimism. The

distinction matters because independent draws face an obstacle: if the optimal assortment contains

several products, requiring every sampled coordinate to be optimistic at the same time is an event

whose probability can shrink exponentially in the display capacity K.

Objectives. The closest MNL Thompson-sampling antecedent is the epoch construction of

Agrawal et al. (2026), described below, which accumulates purchases while an assortment is held
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fixed and turns them into product-level conjugate updates. What matters here is the distinc-

tion between that mechanism and its regret analysis: the worst-case guarantee is proved not for

independent draws from those product-wise laws, but for a Gaussian approximation that uses com-

mon shocks and a coordinate-wise maximum over several draws, precisely in order to avoid the

exponentially unlikely event above. Saha and Gaillard (2025) show that nonexponential capacity

dependence is attainable, and with a sharper, near-optimal rate, but they do so within the UCB

approach, which sidesteps joint optimistic sampling altogether: a confidence-based rule commits

to a single favorable model and never has to make several independently drawn coordinates opti-

mistic at once. Nonexponential capacity dependence in the MNL assortment bandit has thus been

reached either by algorithmically coordinating the draws or by avoiding randomized draws in the

first place. Whether independent product draws can coordinate through the MNL revenue function

itself remains open, and answering it in the affirmative is a contribution of this paper.

Methodological approach. We start from the policy of Agrawal et al. (2026), which holds

an assortment fixed until a customer selects the outside option and updates from the purchases

accumulated in between. It is best described as Thompson sampling for a filtered likelihood: those

epoch statistics retain only the comparisons between each displayed product and the outside option,

discarding the periods in which a product was displayed and a different product was bought. The

closed-form BetaPrime laws it samples from are therefore conjugate updates for the comparison

model rather than the marginals of the MNL posterior. The policy applies Bayes’ rule to the

retained comparison factors. We keep that comparison but replace the common epoch clock by one

clock per product: the clock of product i advances whenever i or the outside option is selected.

We show that the construction preserves the conjugate updates while removing the requirement

that an assortment remain fixed for a random stretch of time, so that every customer contributes

information as soon as the choice is observed and the assortment may be revised just as often. We

then move to a full Thompson sampling policy, which discards no data, carries the correlation the

MNL likelihood induces rather than imposing it, and remains implementable.

Contributions. The three contributions are organized by how much of the MNL likelihood a

policy retains. Retaining less buys tractability: the product-wise clocks admit conjugate updates by

using only the Bernoulli comparison factors and discarding the likelihood contributions of periods

in which a displayed product lost the sale to another displayed product, and those are the same

periods that couple the attractions to one another. Retaining the complete likelihood keeps that

substitution evidence, and the posterior dependence it induces, at a computational cost. The first

contribution analyzes the filtered end of this range and the second the complete end; the third

places an intermediate approximation between them, bounds the regret of a corrected form of it,

and measures numerically what separates the three.
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1. Coordinate repair with independent draws. We identify the structure that lets independent

per-product draws produce coordinated exploration. The MNL assortment revenue with het-

erogeneous product revenues is neither linear nor coordinatewise monotone in the attractions:

increasing the attraction of a low-revenue product can divert demand from more profitable

alternatives. The structure that yields coordination for linear combinatorial rewards (Zhang

and Combes 2024) and for monotone nonlinear ones (Jin et al. 2026) therefore does not apply

directly. We recover it through the linear-fractional form of MNL revenue. Write R(S,x) for the

expected revenue of assortment S when the attractions are x, and let ri be the known revenue

earned when product i is purchased. The classical transformation of linear-fractional objectives

(Charnes and Cooper 1962) gives, for any candidate revenue level λ,

R(S,x)≥ λ ⇐⇒
∑
i∈S

(ri−λ)xi ≥ λ.

At a fixed level λ, the comparison is linear in the attractions. We use this structure to test

whether replacing one omitted product’s sampled attraction by a value slightly below its true

attraction would improve the sampled optimal revenue. If it would, a sufficiently large draw

for that product forces its selection; if no omitted product passes this test and the displayed

coordinates are accurate, the selected assortment has small regret. Scalar posterior-odds bounds

control how often a useful product is missed, while its clock controls how often it can be dis-

played without generating another retained comparison. This coordinate-repair argument gives

frequentist regret Õ(
√
NKT ) for our asynchronous-clock policy with its original independent

BetaPrime draws, without variance inflation, whenever attractions are bounded away from zero;

here Õ(·) suppresses logarithmic factors. The guarantee is gap-free, in that it does not dete-

riorate as the revenue gap between the best assortment and its competitors vanishes, and it

carries no exponential dependence on K. To the best of our knowledge, this is the first gap-free,

nonexponential (in K) frequentist guarantee for product-wise independent Thompson sampling

for the MNL assortment bandit. The contribution here is the sampling mechanism; on capacity

dependence, the correlated policy of Agrawal et al. (2026) and the UCB policy of Saha and

Gaillard (2025) remain sharper.

2. The value of the complete posterior. A clock for a given product retains periods in which said

product or the outside option is selected, but omits periods in which it was displayed and another

product was purchased. The complete MNL likelihood preserves this substitution evidence and

thereby couples the attraction parameters. We adapt a Gamma–Exponential augmentation,

which renders the coordinates conditionally independent without destroying their marginal

dependence, to obtain a Gibbs sampler that targets the complete posterior, and we analyze
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full-likelihood Thompson sampling, which draws exactly from that posterior in every period.

Under a compactly supported prior, independent across products, the policy has Bayesian regret

Õ(
√
NT ), uniformly over the display capacity. To the best of our knowledge, this is the first

capacity-uniform guarantee of this order for Thompson sampling with exact draws from the

complete item-level MNL posterior; related posterior-sampling and confidence-based policies for

MNL demand have reached the same scale under different models and information structures,

as Section 2 discusses. The advance is therefore in the posterior and the proof architecture,

not in the rate. That architecture is worth stating in outline. Posterior symmetry turns regret

into a comparison between two draws from the same posterior. We measure this nonseparable

comparison in the Fisher metric that the MNL model itself induces, and then accumulate along

the realized path the information that the sampled assortments generate.

3. An intermediate representation and empirical evidence. Exact posterior draws are not free,

so the statistical target and what a policy can actually compute must be kept apart. The

implementable counterpart, M -sweep Gibbs Thompson sampling, replaces the exact draw by

finitely many Gibbs sweeps before each decision. We also introduce a third representation,mean-

field filtering (Section 6), which sits between the two ends of the range. Like the clock policies, it

keeps one independent law per product; unlike them it does not discard the shared denominator,

but replaces it by a correction computed from the current mean attractions. Computationally,

it is as expensive as the clock policies. As implemented it carries no guarantee, but a covariance-

corrected variant of it does: certifying the sampling center and correcting the product-wise

dispersion yields gap-free regret of order Õ(K
√
NT ). Our numerical experiments compare these

three policies against each other and against the correlated Thompson-sampling and UCB

benchmarks, and yield three findings. First, finite-sweep Gibbs attains the lowest regret in

most designs, but it requires the complete history and one to two orders of magnitude more

computation per decision. Second, mean-field filtering recovers most of that gain at clock-like

cost. Third, it does so unevenly: it falls behind when revenue gaps are small and at large display

capacities, while under intense substitution it matches Gibbs. The numerical contribution is

thus a map of the statistical–computational trade-off.

Taken together, the three results separate objects that are easily conflated: the dependence

of choices created by the MNL denominator, the posterior dependence created by retaining the

complete likelihood, and correlation deliberately introduced across randomized exploration draws.

Coordinate repair shows that the third is not necessary for a nonexponential independent-product

guarantee in this structured nonlinear problem. The complete-posterior result shows how retaining
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the second changes both the attainable analysis and the computational burden. The asynchronous

clock also removes a requirement that a competitive extension could not maintain, since no firm

can hold the full assortment fixed for a random stretch of time if rivals revise their own offerings

on their own schedules; developing that extension is future work.

Organization. Section 2 reviews the related assortment-learning, posterior-sampling, and infer-

ence literature. Section 3 formulates the MNL assortment bandit and its regret criterion. The

next three sections develop one policy each: Section 4 the asynchronous-clock policy, Section 5

full-likelihood Thompson sampling, and Section 6 mean-field filtering. Section 7 reports the compu-

tational study, and Section 8 concludes. The e-companion collects the notation, supporting lemmas,

and technical detail that the two performance-bound proofs set aside, together with the supporting

constructions and the proofs of the lemmas.

Notation. We reserve v for the true attraction vector, x for a generic vector, and ṽ for a posterior

sample. We write P(·) for probabilities and E[·] for expectations. Their subscripts specify the

governing law or the conditioning information; in Pv and Ev, the attractions are fixed at v. For

an event A, 1{A} is its indicator: one if the event occurs and zero otherwise. For every positive

integer m, [m] := {1, . . . ,m}; if B is finite, |B| denotes its cardinality. We define R+ := [0,∞) and

R++ := (0,∞), and σ(·) for the σ-algebra generated by its argument. Finally, for α,β > 0 we write

X ∼ BetaPrime(α,β) when X/(1 +X) ∼ Beta(α,β); writing α = µ(β − 1), one has E[X] = µ for

β > 1 and Var(X) = µ(1+µ)/(β− 2) for β > 2.

2. Literature Review

Assortment Optimization and Dynamic Learning. When attractions are known, van Ryzin

and Mahajan (1999) study revenue maximization under MNL demand, and Talluri and van Ryzin

(2004) does so under a general discrete-choice model; under a display capacity, Rusmevichientong

et al. (2010) give an algorithm based on the geometry of lines that returns a revenue-maximizing

assortment, which we take as an oracle. See Kök et al. (2008) for a survey of assortment planning

in retail. Static solvability does not determine how attractions should be learned: once they are

estimated from sales, the offered assortments determine both current revenue and later information.

Caro and Gallien (2007) first formulate dynamic assortment learning as a finite-horizon Bayesian

bandit, assuming independent demands. Under MNL demand, Rusmevichientong et al. (2010)

and Sauré and Zeevi (2013) are the first to study regret directly; both explore and then exploit,

obtaining asymptotic regret O(N logT ) when the revenue gap between the optimal assortment and

the best alternative is known. Yang (2021) refines this analysis product by product, and Lattimore

and Szepesvári (2020) survey the underlying bandit problems.
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Optimism and Confidence Bounds. The principle of optimism under uncertainty, illustrated

by the UCB policies of Auer et al. (2002), evaluates each action through an estimate that is

favorable yet still compatible with the observations. In the MNL-bandit, Agrawal et al. (2019)

exploit the structure of the model to construct upper confidence bounds on the attractions and

offer the assortment that is optimal under them, attaining worst-case regret of order Õ(
√
NT +N).

Saha and Gaillard (2025) use rank-breaking to update product-versus-outside comparisons after

every customer and obtain a leading term of order Õ(
√
NT ) when no product is more attractive

than the outside option. For T =Ω(N) and K ≤N/4, Chen and Wang (2018) prove a lower bound

matching the
√
NT scale up to logarithmic factors.

Thompson Sampling. Rather than selecting the most favorable parameter within a confidence

region, Thompson sampling maintains a distribution over the parameters, draws a sample, and

decides as if that sample described the true demand. Introduced by Thompson (1933), the rule

attains near-optimal gap-free guarantees in the classical bandit (Agrawal and Goyal 2017), and

Russo and Van Roy (2014) relate posterior sampling to optimism, deriving Bayesian bounds whose

size depends on how closely the revenues of different actions are related; Russo et al. (2018) survey

the area. For MNL assortments, Agrawal et al. (2026) organize observations into outside-option

epochs and recover product-level BetaPrime conjugacy, but obtain their worst-case guarantee

through a Gaussian approximation with cross-product correlation and a coordinate-wise maxi-

mum over several draws. In the joint assortment-and-pricing problem, Miao and Chao (2021)

obtain Bayesian regret of order Õ(
√
NT +N), which is Õ(

√
NT ) when T ≳N , for a cycle-based

Thompson-sampling policy whose sampling construction differs from ours.

Contextual Formulations. A more general class links product utilities through a parameter

shared across items. Oh and Iyengar (2019) analyze a policy that samples from the posterior of

a d-dimensional utility parameter and obtain Bayesian regret Õ(d
√
T ), assuming access to the

required posterior draws; with one-hot product features their model permits item-specific utilities

but has d=N , so the displayed rate becomes Õ(N
√
T ). Oh and Iyengar (2021) obtain a frequentist

Õ(
√
dT ) guarantee through a more involved UCB construction, which specializes to Õ(

√
NT ) when

d = N , and Lee and Oh (2025) derive capacity-free, variance-dependent frequentist bounds by

combining reward covariance, MNL Fisher widths, and an elliptical potential.

Combinatorial Bandits. The coordination difficulty we address also appears when an action is a

set of elementary components. Wang and Chen (2018) analyze Thompson sampling with indepen-

dent draws for those components. Zhang and Combes (2024) obtain polynomial, gap-dependent

regret from variance-inflated independent Gaussian draws under linear rewards, and for monotone
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nonlinear rewards Jin et al. (2026) show that independent sampling can make the probability

of exploring the optimal action exponentially small, replacing the separate draws by a shared

seed. A structured exception appears in cascading bandits: Zhong et al. (2021) derive a problem-

independent, nonexponential bound for independent Beta draws when the optimal items have equal

click probabilities, whereas their sharper policy coordinates exploration through a common Gaus-

sian perturbation. MNL revenue falls outside both the linear and the coordinatewise-monotone

cases these results exploit.

Posterior Inference and Computation. Thompson sampling presumes that the policy can

sample the law representing its uncertainty, and with joint posteriors this step is not a neutral

implementation detail. Phan et al. (2019) show that an approximation which appears statisti-

cally close to its target can still induce linear regret, whereas Mazumdar et al. (2020) construct

Langevin methods that preserve the optimal instance-dependent regret order under suitable log-

concavity and concentration conditions. To retain the MNL posterior dependence, we adapt the

data-augmentation principle of Tanner and Wong (1987) and the Gamma–Exponential construc-

tion of Caron and Doucet (2012) for generalized Bradley–Terry and Plackett–Luce models.

Positioning. Agrawal et al. (2026) is the closest in sampling mechanism: product-level conjugacy

recovered from epoch statistics, with optimism secured by correlating the draws. Saha and Gaillard

(2025) is the closest in information and timing: the same product-versus-outside comparisons,

revised after every customer, with optimism secured through confidence bounds. Our policies take a

rather more direct approach. The asynchronous-clock policy keeps the per-customer timing and the

product-wise filter, and obtains its guarantee from independent BetaPrime draws without variance

inflation; the full-likelihood policy abandons the filter, retaining the dependence that the MNL

likelihood induces at a computational cost. The three constructions differ in what information is

retained and in how optimism is produced, and the paper measures both.

3. Problem Formulation

Consider a retailer who operates over a horizon of T periods, one customer per period, with a

product catalog N := [N ]. In period t ∈ [T ] it displays an assortment St ⊆ N ; then customer t

buys one product of St or selects the outside option, denoted by 0. We write It ∈ St ∪ {0} for the

alternative chosen in period t.

Choices follow a multinomial logit (MNL) model. Each product i∈N carries an unknown attrac-

tion vi > 0, and the outside option is normalized to v0 ≡ 1 for identification. Given the offered
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assortment S and the attraction vector v := [vi]i∈N , the probability that the customer selects

i∈ S ∪{0} is

pi(S,v) =
vi

1+
∑

j∈S vj
,

with pi(S,v) = 0 for i∈N \S. This remains the conditional choice law given the past history and

the policy’s current randomization. The denominator aggregates the attractions of every alternative

present in the choice set, so adding a product to S, holding the other attractions fixed, lowers

the choice probability of every product already displayed. Each product i yields a known revenue

ri ∈ [0,1] when purchased, so the expected revenue of assortment S under v is

R(S,v) =
∑
i∈S

ri pi(S,v) =

∑
i∈S rivi

1+
∑

j∈S vj
. (1)

Adding a product both contributes its own revenue and enlarges the denominator faced by the

others. An optimal assortment therefore balances profitability against composition and is not,

in general, the set of highest-revenue products. That same denominator is a source of statistical

difficulty: a purchase is evidence about the product bought and also about the products that were

displayed and declined. Retaining this cross-product information yields a posterior faithful to the

model, but it couples every pair of products that has ever been displayed together; discarding

it permits product-wise updates at the cost of part of the substitution signal. We call this the

information-filtration trade-off.

Display space is limited: a capacity K ≤N restricts the feasible decisions to S := {S ⊆N : |S| ≤

K}. For x∈RN
+ we write

S∗(x)∈ argmax{R(S,x) : S ∈ S}

for the optimal assortment under x. Ties are broken by two conventions applied in order. Among

the maximizers we retain those that are inclusion-wise minimal, that is, those from which no

product can be deleted without losing optimality; if several remain, we take the smallest under a

fixed total order on the subsets of N , say the lexicographic order induced by the product labels.

This makes S∗(x) a single assortment and prevents it from carrying products that contribute no

revenue, a property the analysis uses repeatedly. The full-information oracle is the hypothetical

retailer that knows v and offers S∗(v) in every period.

The retailer does not know v, and observes only the customer’s choice from the assortment it

displayed. Let Ht := {(Sτ , Iτ ) : τ ≤ t} be the history through period t and Ft := σ(Ht) the σ-algebra

it generates, with F0 trivial, so that the information available when period t begins is Ft−1. A

possibly randomized policy is a sequence of probability kernels on S, one per period, indexed by

the realized histories Ht−1. It is admissible if each kernel depends only on the observed history
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and is implemented using randomization independent of v, past observations, and the randomness

generating customer choices.

Performance is measured against the oracle. The expected regret of a policy is

Reg(T, v) =E

[
T∑

t=1

R(S∗(v), v)−R(St, v)

]
, (2)

the expectation running over the customer choices and over any randomization the policy uses.

Regret is the cost of having to learn v while serving customers: early on the policy may sacrifice

sales to explore demand, and later it may still lose revenue by acting on an imperfect estimate. A

policy attains sublinear regret when Reg(T, v) = o(T ).

The policies studied below share the same structure: each maintains a prior over the attractions,

updates it with the choices observed so far, draws a sample ṽ from the resulting law, and offers

the assortment S∗(ṽ) that is optimal under that draw. They differ in how much of the MNL

likelihood the representation they update retains. Asynchronous clocks keep product-versus-outside

comparisons and admit product-wise BetaPrime updates; full-likelihood Thompson sampling keeps

the complete MNL likelihood; and mean-field filtering keeps one law per product but corrects the

shared denominator. The three sections that follow take them in that order, placing each at a

different point of the information-filtration trade-off.

4. Asynchronous Clocks and Independent BetaPrime Sampling

Our starting point is the epoch policy of Agrawal et al. (2026), which can be described as a

Thompson sampling policy for a filtered likelihood: posteriors (and assortments) are computed only

when the outside alternative is chosen (i.e. an epoch), at which point only the comparisons between

each displayed product and the outside option are retained. This section develops the first policy

and its regret guarantee. Section 4.1 replaces the common epoch clock by one clock per product

and records the conjugate update; Section 4.2 introduces the one-coordinate repair argument and

states the bound for the conjugate sampling law; and Section 4.3 proves it.

4.1. The Asynchronous Clock Policy

For i∈N , define

Vi,t :=
t−1∑
τ=1

1{Iτ = i}, Ni,t :=
t−1∑
τ=1

1{i∈ Sτ , Iτ = 0},

the number of periods before t in which i was purchased and the number in which i was on display

and the outside option was taken. If product i ∈ N is offered in period t, then its probability of

being chosen over the outside alternative is independent of the assortment offered, i.e.

Pv(It = i | It ∈ {i,0}, St) =
vi

1+ vi
.
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Together with a BetaPrime prior, this comparison yields a product-level conjugate update. Write

Gi,t for the information carried by the comparisons involving i before period t: their outcomes,

taken in order, together with their number, but not the periods in which they occurred; we call

each such outcome a tick of product i, and the comparison that produced it a retained comparison;

product i retains a comparison in exactly those periods that display it and end with a sale to i or

to the outside option, and we use the two terms interchangeably in what follows. The individual

tick times are deliberately excluded, since a period in which i was displayed but no comparison

was recorded would reveal that another displayed product won the sale, which is the evidence the

filter discards. Agrawal et al. (2026) show that if vi ∼ BetaPrime(α0, β0) a priori, with α0, β0 > 0

here and in all that follows, then the conjugate update based on these comparisons stays in that

family, with the two counts added to the prior parameters, so these counts are all that the policy

needs to carry for product i. Their argument covers the epoch construction, that is, only the

periods in which a customer selects the outside option, and only when the assortment has been

held fixed since the previous such period. Note that the update uses the Bernoulli factors of the

comparisons recorded in Gi,t; their product need not be the likelihood of Gi,t, since the number

of recorded comparisons can also carry information about vi. Given Ft−1, the attractions follow

the MNL posterior, which couples the products and is not BetaPrime. Proposition 1 relaxes both

conditions: the update remains valid in every period, not only in those in which the outside option

is chosen, and whatever assortments were offered in the meantime.

Proposition 1 (Product-Level BetaPrime Update). Let i ∈ N . Conditional on v, the

ticks successively recorded by the clock of i form an initial segment of an i.i.d. Bernoulli(vi/(1 +

vi)) sequence. If vi ∼ BetaPrime(α0, β0) a priori, then the conjugate update based on the recorded

Bernoulli comparisons gives, in each period t∈ [T ],

ṽi,t ∼BetaPrime (α0 +Vi,t, β0 +Ni,t) .

Our first policy, asynchronous-clock Thompson sampling, depicted in algorithmic form in Algorithm

1, exploits this: it redraws ṽ and reoptimizes the assortment in every period. We call the pair

(Vi,t,Ni,t) the clock of product i, since its counts advance at their own pace, on a schedule set by

the policy’s past decisions. Drawing the coordinates independently does not make the observations

independent: one outside-option choice advances the clock of every displayed product.

4.2. One-Coordinate Repair and the Regret Bound

Algorithm 1 draws each ṽi,t from the conjugate BetaPrime sampling law of Proposition 1, indepen-

dently across products, and the regret guarantee below applies to that draw exactly as specified:
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Algorithm 1 Asynchronous-Clock Thompson Sampling

1: Input: horizon T , capacity K, revenues {ri}Ni=1, prior (α0, β0).

2: Initialize: set Vi← 0 and Ni← 0, ∀i∈N .

3: for t= 1, . . . , T do

4: Sample ṽi ∼BetaPrime(α0 +Vi, β0 +Ni) independently, ∀i∈N , and offer St← S∗(ṽ).

5: Observe It ∈ St∪{0} and tick the clocks: Vi← Vi+1{It = i} and Ni←Ni+1{i∈ St, It = 0}, ∀i∈N .

6: end for

it neither inflates these sampling variances nor induces correlation across products, for instance by

redrawing several times and retaining a coordinate-wise maximum.

For our analysis, we retain the normalization that no product is more attractive than the outside

option and assume a uniform lower bound vmin ∈ (0,1) on the attractions.

Assumption 1. The attraction vector satisfies v ∈ [vmin,1]
N , and β0 > 0.

The lower bound makes the comparison between attraction errors and revenue losses uniform

across instances. The upper bound controls the probability that a product advances its clock.

Outline of the Argument. A Thompson-sampling guarantee is usually obtained through an

optimism event: the sampled vector must represent the oracle assortment S∗(v) favorably often

enough. Under independent product-wise draws, that event asks all |S∗(v)| coordinates to be favor-

able at once, and its probability can decay exponentially in K. Our proof of Theorem 1 replaces

it by a condition on one coordinate at a time. The mechanism is one-coordinate repair : an appre-

ciable revenue loss must involve either a selected product whose sampled attraction is inaccurate,

or an omitted product whose inclusion can be forced by correcting only that product’s sampled

attraction. The first failure is a matter of posterior concentration. For the second, conditional

independence compares the probability of a failed repair with the probability of selecting the same

product, and the analysis charges these selection opportunities to the comparisons that product’s

clock retains.

The Repair Event. For a vector x, write x−i := (xj)j ̸=i for its coordinates other than i, and

write R∗(x) :=R(S∗(x), x) and R∗ :=R∗(v). To express repair without using the coordinate being

tested, let ξ be an attraction-error tolerance with 0< ξ ≤ vmin/2. For each x ∈RN
++, let x

(i) agree

with x, except that its i-th coordinate is replaced by vi− ξ; we say that product i is repairable at x

when correcting that one coordinate makes every optimal assortment contain it. The repair event

compares the resulting optimum with the best revenue attainable without product i:

Di(ξ) :=

{
x−i : x∈RN

++, R
∗(x(i))>max

S∈S
i/∈S

R(S,x)

}
. (3)
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For i /∈ S, R(S,x) = R(S,x(i)), so the condition depends only on x−i. The strict inequality rules

out any optimum that omits i after the repair.

Lemma 1 (One-Coordinate Coverage). Let 0< ξ ≤ vmin/2 and x∈RN
++.

(i) If x−i ∈Di(ξ) and xi ≥ vi− ξ, then i∈ S∗(x).

(ii) If |xi−vi| ≤ ξ for every i∈ S∗(x) and x−i /∈Di(ξ) for every i /∈ S∗(x), then R∗−R(S∗(x), v)≤

2ξ/vmin.

Part (ii) is the formal content of the mechanism described above: away from these two failures,

the sampled assortment is nearly optimal. Part (i) is what makes a failure checkable one coordinate

at a time. Both parts are proved in the e-companion.

Together the two parts reduce the regret to two counts: the periods in which some selected

product has an inaccurate draw, and those in which a repairable product is omitted. Concentration

of the BetaPrime draws bounds the first; the posterior odds of drawing below vi− ξ, accumulated

over the comparisons that the clock of i retains, bound the second. Both bounds hold for every

tolerance ξ, so choosing ξ proportionally to a revenue-gap level and integrating the resulting count

over that level yields the following guarantee.

Theorem 1 (Regret of the Asynchronous-Clock Policy). Suppose Assumption 1 holds.

There exists C <∞, depending only on (vmin, α0, β0), such that Algorithm 1 satisfies

Reg(T, v)≤C
√
NKT log(eNT )+C.

In particular, uniformly for 1≤K ≤N , the regret is of order Õ(
√
NKT ).

The guarantee preserves both the conjugate sampling law and independent product-wise draws.

One-coordinate repair controls the cost of omitted products, while concentration controls the

selected ones; the clocks account for both costs without synchronizing the assortment decisions.

Our proof must also deal with the randomness in the clocks themselves: a deterministic prefix of

the retained comparisons has a binomial count, but the count observed at a policy-dependent time

need not have a binomial law conditional on its length. It therefore uses the deterministic prefixes

only after a pathwise accounting step.
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4.3. Proof of Theorem 1

We bound regret by counting periods with an appreciable revenue loss and then integrating this

count. Let ξ be an attraction-error tolerance with 0 < ξ ≤ vmin/2. By Lemma 1(ii), a loss above

2ξ/vmin has one of two causes: a selected product i with |ṽi,t−vi|> ξ, or an omitted product whose

inclusion can be forced by correcting its draw. Errors of the first type are counted by Lemma 2,

stated next. Steps 1 and 2 control the omitted products; Step 3 combines the two counts. Two

further auxiliary results, Proposition EC.1 and Lemma EC.2, remain in Section EC.3.1; each is

described where it is used.

Throughout, a subscript t on probability or expectation denotes conditioning on Ft−1 under the

fixed true vector v. Constants C > 0 may change from line to line and depend only on (vmin, α0, β0).

Lemma 2 (Selected-Coordinate Error). For the asynchronous-clock policy and 0 < ξ ≤

vmin/2,

Ev

[
T∑

t=1

1{∃i∈ St : |ṽi,t− vi|> ξ}

]
≤ CN(K +1)

ξ2
log(eNT )+C, (4)

where C depends only on (α0, β0).

The count runs over periods: a product with few ticks can be selected repeatedly, so the clock-

advance probability in (EC.2) converts control per comparison into the capacity factor K+1. The

lemma is proved in the e-companion.

Step 1 (Comparing Omission with Selection). Hold the other sampled attractions fixed. The repair

event Di(ξ) of (3) records that i is repairable at the current draw, and does not involve the draw of

coordinate i. A failed repair occurs when this condition holds but the actual sampled assortment

omits i; write Bi,t(ξ) := {ṽ−i,t ∈Di(ξ), i /∈ St}.

On the repair event, any draw at least vi − ξ forces the selection of i, by Lemma 1(i). Thus

omission requires a draw below this threshold. Set qi,t(ξ) := Pt(ṽi,t ≥ vi − ξ) and ωi,t(ξ) := (1 −

qi,t(ξ))/qi,t(ξ). These odds compare missing the threshold with reaching it. They depend only on the

current counts, and qi,t(ξ)> 0 because the BetaPrime density is positive. Conditional independence

gives

Pt(Bi,t(ξ))≤ (1− qi,t(ξ))Pt(ṽ−i,t ∈Di(ξ)) ≤ ωi,t(ξ)Pt(i∈ St). (5)

For the second inequality, the repair event together with a draw above the threshold has probability

qi,t(ξ)Pt(ṽ−i,t ∈Di(ξ)) and forces selection. We have therefore bounded an omission probability by

a selection probability weighted by scalar posterior odds.
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Step 2 (From Selections to Retained Comparisons). The odds change only when product i records

a comparison. Several calendar periods can therefore incur the same odds cost before its clock

advances. A selected product records a comparison with probability at least 1/(K+1), by (EC.2).

This bound will control the repeated cost of each prefix; the scalar posterior-odds lemma will then

sum over prefixes.

Write ni,t := Vi,t + Ni,t for the comparisons retained before t and θi := vi/(1 + vi). Proposi-

tion EC.1 represents the purchase count as Vi,t =
∑ni,t

k=1Zi,k, where
∑n

k=1Zi,k ∼Binomial(n, θi) at

every deterministic length n. Under (EC.1), the transformed draw ṽi,t/(1+ ṽi,t) has the Beta law

with these success and failure counts.

To apply the scalar lemma, express the repair threshold in the same scale. The value vi − ξ

becomes θi − ϵi, where ϵi = ξ/{(1 + vi)(1 + vi − ξ)}. Since ξ ≤ vi/2 and vi ≤ 1, we have 0 < ϵi <

θi ≤ 1/2 and ϵi ≥ ξ/4, which are the conditions under which Lemma EC.2 sums these odds over

deterministic prefixes. For n comparisons and s successes, denote the corresponding odds by

ωn(s, ϵi) := P(Beta(α0 + s,β0 +n− s)≥ θi− ϵi)
−1− 1.

Then ωi,t(ξ) = ωni,t
(Vi,t, ϵi). We use the binomial law only after replacing the adaptive prefix lengths

by a sum over deterministic ones.

We can now bound the total failed-repair count. Taking expectations in (5) replaces its condi-

tional selection probability by a selection indicator, since ωi,t(ξ) is Ft−1-measurable. Conditional

also on the current draw, the weight and assortment are fixed before the customer chooses, and

a selected product records a comparison with probability (1 + vi)/(1 +
∑

j∈St
vj) ≥ 1/(K + 1).

Consequently,

Ev

[
T∑

t=1

1{Bi,t(ξ)}

]
≤Ev

[
T∑

t=1

ωi,t(ξ)1{i∈ St}

]

≤ (K +1)Ev

[
T∑

t=1

ωi,t(ξ)1{i∈ St, It ∈ {i,0}}

]

= (K +1)Ev

ni,T+1−1∑
n=0

ωn

(
n∑

k=1

Zi,k, ϵi

)
≤ (K +1)

T−1∑
n=0

Ev

[
ωn

(
n∑

k=1

Zi,k, ϵi

)]
≤ C(K +1)

ξ2
log(eT ). (6)

The equality counts realized comparisons: each advances the local count by one and uses a distinct

prefix, from 0 through ni,T+1−1. Since ni,T+1 ≤ T , adding the unvisited prefixes increases the non-

negative sum. The last inequality is the summed-odds bound (EC.3) of Lemma EC.2, which bounds
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the sum of expected odds over deterministic prefixes by Cϵ−2
i log(eT ); here ϵi ≥ ξ/4. Summing over

products bounds the expected number of failed repairs by CN(K +1)ξ−2 log(eT ).

Step 3 (Integrating Revenue Gaps). Set ∆t :=R∗−R(St, v)∈ [0,1]. For g ∈ (0,1], choose ξ = vming/4.

The coverage property used at the start of the proof now says that ∆t > g requires a selected-

coordinate error or a failed repair: in their absence, Lemma 1(ii) gives ∆t ≤ 2ξ/vmin = g/2. Adding

the failed-repair count in (6) and the selected-error count in Lemma 2 yields

Ev

[
T∑

t=1

1{∆t > g}

]
≤ CN(K +1) log(eNT )

v2ming
2

+C. (7)

Both event counts were bounded without conditioning on the revenue gap. The count is also at

most T , which caps the g−2 bound near zero. Use K + 1≤ 2K and absorb v−2
min into C ≥ 1. The

tail-integral identity, followed by the change of variable g=
√

NK log(eNT )/T u, gives

Reg(T, v) =

∫ 1

0

Ev

[
T∑

t=1

1{∆t > g}

]
dg

≤C
√

NKT log(eNT )

∫ ∞

0

min{1, u−2}du+C = 2C
√

NKT log(eNT )+C.

Extending the transformed integral to (0,∞) increases it. Its value is 2, which is absorbed into C

in the stated bound.

Remark 1 (Epoch Extension). The same regret bound holds when the independent conju-

gate policy retains its assortment until an outside-option choice, as established in Corollary EC.2

of the e-companion. In particular, the epoch guarantee covers the initialization α0 = β0 = 1 of

Algorithm 1 in Agrawal et al. (2026). Both proofs use the same one-coordinate repair and scalar

posterior-odds bounds; only the accounting for the time between draws changes.

5. Sampling from the Complete MNL Posterior

The asynchronous-clock policy is simple to implement and admits an explicit regret bound, but it

does not use all the posterior dependence generated by the MNL denominator. The next step is to

study that dependence without reducing the history to product-level comparisons. The policy of

this section retains all the likelihood information in the complete history and targets the posterior

that the MNL likelihood induces. Section 5.1 constructs that posterior and the sampler that targets

it, Section 5.2 states the Bayesian regret guarantee, and Section 5.3 proves it.

5.1. The Full-likelihood Thompson Sampling Policy

We write π0 for the joint prior distribution of v, under which the attractions are independent across

products with vi ∼ Gamma[vmin,1](α0, β0) for every i ∈ N , where vmin ∈ (0,1) and the subscript
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indicates that each Gamma law is conditioned on the event vi ∈ [vmin,1] (Gamma laws use the

shape–rate parameterization throughout). Given Ht−1, the exact MNL likelihood is

L(v | Ht−1) =
t−1∏
τ=1

v
1{Iτ ̸=0}
Iτ

1+
∑

j∈Sτ
vj
. (8)

Write πt for the posterior of v given Ht−1. Conditional on the recorded history, the policy’s

assortment-selection kernels do not depend on the candidate value of v, so they cancel from Bayes’

formula and πt(v)∝ π0(v)L(v | Ht−1). The realized assortments still enter the likelihood through

the MNL denominators, which couple the attractions of products displayed together and prevent

πt from factorizing across coordinates. Adapting the Gamma–Exponential construction of Caron

and Doucet (2012), the following representation turns the MNL denominator into product-wise

independent Gamma conditionals.

Proposition 2 (Factorization of the Augmented Posterior). There is an augmented dis-

tribution whose v-marginal is πt. Under this distribution, conditional on v and Ht−1, the variables

yτ , τ = 1, . . . , t− 1, are mutually independent and satisfy yτ | v,Ht−1 ∼Exponential
(
1+

∑
j∈Sτ

vj

)
.

Moreover, conditional on {yτ}t−1
τ=1, the attraction parameters are mutually independent, and for

i∈N ,

vi | {yτ}t−1
τ=1,Ht−1 ∼Gamma[vmin,1]

(
α0 +Vi,t, β0 +

t−1∑
τ=1

1{i∈ Sτ}yτ

)
.

The latent exposures turn the shared denominator into a linear one: a purchase of i increases its

shape, and each display contributes to its rate. Integrating them out restores the dependence among

the products offered together. Our second policy, full-likelihood Thompson sampling, depicted in

algorithmic form in Algorithm 2, draws ṽ from this representation and offers S∗(ṽ) in every period.

Unlike the filtered-likelihood updates, every observation contributes a denominator exposure for

all displayed products, including when the customer chooses the outside option, and a purchase

additionally increases the shape of the chosen product. By retaining both sources of substitution

information, the analysis moves from coordinate repair and scalar posterior odds to the comparison

between two draws from the same posterior.

Remark 2 (Implementation). Proposition 2 defines a Gibbs kernel targeting the complete

posterior without updating all attractions as one joint block: with v fixed, the sampler draws

the exposures, whose rates are the total attractions of the corresponding assortments plus the

outside option; conditional on those exposures, the coordinates of v have independent Gamma

laws. Repeated occurrences of the same assortment can be grouped without approximation. Let

At be the set of distinct nonempty assortments among S1, . . . , St−1, let nA,t :=
∑

τ<t 1{Sτ = A},

and aggregate the record-level exposures as YA :=
∑

τ<t:Sτ=A yτ . Corollary EC.1 of Section EC.2
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Algorithm 2 M -Sweep Gibbs Thompson Sampling for the Complete MNL Posterior

1: Input: horizon T , capacity K, revenues {ri}Ni=1, prior (α0, β0), truncation [vmin,1], sweeps M ≥ 1.

2: Initialize: set Vi← 0, ∀i∈N , and nA← 0 for every assortment A.

3: for t= 1, . . . , T do

4: for m= 1, . . . ,M do

5: Sample YA ∼ Gamma(nA, 1 +
∑

j∈A
ṽj) for every A with nA > 0, then ṽi ∼ Gamma[vmin,1](α0 +

Vi, β0 +
∑

A∋i:nA>0 YA), ∀i∈N .

6: end for

7: Offer St← S∗(ṽ), observe It ∈ St∪{0}, and update nSt
← nSt

+1 if St ̸= ∅, and VIt← VIt +1 if It ̸= 0.

8: end for

shows that drawing one Gamma exposure YA per A ∈ At leaves the Gibbs transition kernel on v

unchanged; Algorithm 2 uses this grouped kernel.

At t= 1, the exposure block is empty and the attraction update draws from the prior. Subsequent

periods start from the previous period’s final draw.

5.2. Bayesian Regret Bound

The guarantee for this policy is Bayesian rather than worst case. In Section 4 the attraction vector

was fixed and the loss controlled for every market compatible with the assumptions; here v is drawn

once from π0, held fixed over the horizon, and the loss is averaged over the markets the prior deems

plausible. The object we bound is the Bayesian regret

RegB(T ) :=Ev∼π0
[Reg(T, v)],

whose outer expectation averages (2) over the prior while retaining, for each realization of v, the

same comparison with the full-information oracle. With this, the true attractions are compared

directly with the sampled attractions that guide the next decision, so one-period regret is controlled

without an optimism event relative to a fixed unknown parameter. This is the standard posterior-

sampling comparison of Russo and Van Roy (2014), adapted to MNL assortment revenue.

Thompson sampling presumes an exact draw from the current posterior: in each period it draws

ṽt ∼ πt, independently of v given Ft−1, and offers S∗(ṽt). Note, however, that Algorithm 2 does

not, so we write M -sweep Gibbs Thompson sampling whenever that distinction matters and keep

the unqualified name for the exact draw. Exact draws from the posterior are essential to our next

result: conditional on Ft−1, the true and the sampled attraction vectors are independent draws

from the same law πt.

Assumption 2. The true attraction vector is drawn from the prior π0.
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Theorem 2 (Bayesian Regret of Full-Likelihood Thompson Sampling). Under

Assumption 2, there is a constant C <∞, depending only on (vmin, β0), such that, uniformly for

1≤K ≤N , full-likelihood Thompson sampling satisfies

RegB(T )≤C
√

NT log(eN) log(1+T/N).

In particular, the Bayesian regret is of order Õ(
√
NT ).

The theorem shows that preserving the joint posterior allows the variation of revenue under

the current belief to be controlled directly. To the best of our knowledge, it is the first Õ(
√
NT )

Bayesian-regret guarantee, uniform over 1 ≤ K ≤ N , for Thompson sampling with exact draws

from the complete MNL posterior. The order itself is not new: Miao and Chao (2021) obtain it for

Thompson sampling on a related decision problem with a different sampling construction, and Oh

and Iyengar (2021) attain it with a frequentist UCB construction; nor does the bound dominate the

frequentist guarantees of Lee and Oh (2025), which answer a different question through confidence-

based optimism. What the posterior argument avoids, relative to the clock analysis, is reducing the

history to product-wise comparisons and controlling the posterior odds of missing a useful product.

Theorem 2 says nothing about computation. Grouping compresses repeated assortments without

changing the likelihood, but theM sweeps of Algorithm 2 only approximate a draw from πt, and the

theorem bounds neither that error nor how closely the chain tracks a posterior that changes every

period. The next subsection develops a lighter approximation, which keeps part of the denominator

correction but does not preserve the full posterior dependence.

5.3. Proof of Theorem 2

The proof measures posterior concentration and revenue variation in the same metric: the Fisher

information of the choice model in log-coordinates. For an assortment S and attractions x, let

FS(x) be the covariance of the choice indicator eI , where I ∼ p(S,x) is the selected alternative

and e0 := 0, defined in Section EC.3.2, so that h⊤FS(x)h is the variance of hI , the coordinate

of h at the selected alternative, for a direction h with h0 = 0. Every such matrix is comparable

to its value at the all-ones point 1: by (EC.5), vminFS(1) ⪯ FS(x) ⪯ v−1
minFS(1) for x ∈ [vmin,1]

N .

We may therefore accumulate information at the single reference point 1: write Ft := FSt(1) and

Ht := κIN +
∑t−1

τ=1Fτ ⪰ κIN , with κ := β0.

Throughout this proof, expectations are under the joint Bayesian law, and Et conditions on Ft−1.

The proof has three steps. Step 1 uses posterior symmetry to reduce regret to revenue sensitivity

and bounds that sensitivity by a Fisher width. Step 2 sums the widths through a log-determinant

potential. Step 3 combines the two over probability and time.
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Step 1 (Posterior Symmetry and Revenue Sensitivity). Conditional on Ft−1, v and ṽt are indepen-

dent with common law πt, so they have the same expected optimal revenue. Since St = S∗(ṽt),

Et[R(S∗(v), v)−R(St, v)] =Et[R(St, ṽt)−R(St, v)]≤Et[|R(St, ṽt)−R(St, v)|] . (9)

This is the only posterior-sampling identity the proof uses, and it is what replaces an optimism

event: regret becomes the sensitivity of the revenue of a single assortment to a change of attractions,

with no probability of a favorable draw left to bound. It is also where the exactness of the draw is

spent; an approximate sampler does not satisfy it.

To bound this sensitivity, set ht := log ṽt − log v. Along the log-linear path between the two

attraction vectors, the revenue derivative is the covariance between the realized revenue and the

corresponding coordinate of ht. Cauchy–Schwarz bounds this covariance by one half of the Fisher

width, since revenues lie in [0,1]. Integrating along the path and applying the comparison with 1

gives the deterministic bound

|R(St, ṽt)−R(St, v)| ≤
1

2
√
vmin

√
h⊤
t Ftht.

The supporting detail for Step 1 in Section EC.3.2 supplies the differentiation. This bound separates

the revenue calculation from the posterior concentration needed to control ht.

Measure the information in the chosen assortment relative to the information already accumu-

lated by at := tr(H−1
t Ft). Lemma EC.3 supplies a nonnegative random multiplier Zt with Et[Z

2
t ]≤

Cv−1
min log(eN), and its simultaneous bound (EC.6) gives h⊤

t Ftht ≤Z2
t at. The bound holds for every

feasible assortment on the same sample path, so it applies to St even though the posterior draw

selects that assortment. Combining the two width bounds yields

|R(St, ṽt)−R(St, v)| ≤
Zt

2
√
vmin

√
at. (10)

The conditional second moment controls the multiplier Zt; it remains to control the cumulative

information terms at.

Step 2 (Pathwise Fisher Accumulation). Each trace can be charged to the increase of a log-

determinant potential. Put Bt :=H
−1/2
t FtH

−1/2
t , so that at = trBt. Since trFt ≤ 1 and Ht ⪰ κIN ,

every eigenvalue of Bt lies in [0, κ−1], where concavity of log(1 + z) gives z ≤ Cκ log(1 + z) with

Cκ := κ−1/ log(1+κ−1). Summing over the eigenvalues yields at ≤Cκ log det(IN +Bt).

Because Ht+1 = Ht + Ft, the determinant in this bound is detHt+1/detHt, so its logarithm

telescopes over time. Using H1 = κIN , then the arithmetic–geometric mean inequality on the eigen-

values together with
∑

t≤T trFt ≤ T ,

T∑
t=1

at ≤Cκ log
detHT+1

detH1

=Cκ log det

(
IN +κ−1

T∑
t=1

Ft

)
≤CκN log

(
1+

T

κN

)
. (11)
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This is the log-determinant potential argument familiar from linear bandits, applied to the Fisher

matrices at 1. The calculation is deterministic given the realized assortment sequence, so adaptivity

requires no further condition.

Step 3 (Regret Assembly). Both factors in the one-period bound can now be summed: Step 1 gives

E[
∑T

t=1Z
2
t ]≤Cv−1

minT log(eN), and Step 2 bounds
∑T

t=1 at pathwise. Summing (9), applying (10),

and using Cauchy–Schwarz for the factors Zt and
√
at over probability and time gives

RegB(T )≤
1

2
√
vmin

E

[
T∑

t=1

Zt

√
at

]

≤ 1

2
√
vmin

(
E

[
T∑

t=1

Z2
t

])1/2(
E

[
T∑

t=1

at

])1/2

≤ C

vmin

√
NT log(eN) log(1+T/N).

The last inequality uses the two cumulative bounds and log(1+z/κ)≤max{1, κ−1} log(1+z). The

remaining constant depends only on κ= β0, so it is independent of (α0,N,K,T ), and all dependence

on vmin appears in the explicit factor v−1
min.

6. Mean-Field Filtering

Our third policy, mean-field filtering, depicted in algorithmic form in Algorithm 3, sits between the

two representations already considered. Like the clock policies, it keeps one independent law per

product; unlike them, it does not discard the shared denominator, but replaces it by a correction

computed from the current mean attractions. The coupling among the products displayed together

is therefore approximated rather than dropped, and in a form that still separates across coordinates.

Section 6.1 constructs the representation and the policy it induces; Section 6.2 states a regret

bound for a covariance-corrected variant of it.

6.1. The Mean-Field Filtering Policy

Prior and Likelihood. A priori the attractions are independent across products, with vi ∼

Gamma(α0, β0) for every i∈N . Unlike in Section 5, these laws are not truncated, which keeps the

mean of each attraction equal to the ratio of its two parameters; that ratio is the point at which

the policy linearizes, and the truncated laws admit no such expression. Taking logarithms in (8)

and collecting the numerators by product, the log-likelihood is

logL(v | Ht−1) =
∑
i∈N

Vi,t log vi−
t−1∑
τ=1

log
(
1+

∑
j∈Sτ

vj

)
, (12)

with Vi,t the purchase count of Section 4. The first sum separates across products and is already

in the form a Gamma prior absorbs. The second does not separate: each of its terms couples the



Sauré and Vidal-Romero: Information Trade-Off in MNL Bandits
22 Article submitted to ; manuscript no.

attractions of all the products displayed in that period, so it cannot be written as a sum of per-

product terms and the posterior does not factorize. The approximation below acts on those t− 1

terms and leaves the first sum unchanged.

The Approximation. Let µi denote the current mean of the approximate law of product i, and

µSτ :=
∑

j∈Sτ
µj its sum over the assortment offered in period τ , both fixed once Sτ has been

selected and before the choice is observed. Since the aggregate attraction of Sτ is unknown, we

linearize log(1+x) at x= µSτ ,

log
(
1+

∑
j∈Sτ

vj

)
≈ log(1+µSτ )+

1

1+µSτ

(∑
j∈Sτ

vj −µSτ

)
,

and drop the terms free of v, which the normalization absorbs. Each period then contributes a

separate linear penalty −vj/(1 + µSτ ) for each product j ∈ Sτ that it displays. Summing over

periods and regrouping by product replaces the second sum of (12) by
∑

i∈N Υi,tvi, where

Υi,t :=
t−1∑
τ=1

1{i∈ Sτ}
1+µSτ

is a display count weighted by the linearization coefficients. Exponentiating what is left of (12)

and multiplying by the prior, the approximate posterior π̃t satisfies

π̃t(v) ∝
∏
i∈N

v
α0+Vi,t−1

i exp
(
−(β0 +Υi,t)vi

)
. (13)

Every factor is an unnormalized Gamma density, so the approximation preserves both the inde-

pendence across products and the Gamma family: purchases accumulate in the shape parameter

and weighted displays in the rate parameter, and ṽi,t | Ft−1 ∼ Gamma(α0 + Vi,t, β0 +Υi,t) inde-

pendently across products, with mean µi = (α0 + Vi,t)/(β0 +Υi,t), the quantity at which the next

period linearizes. The pair (Vi,t,Υi,t) therefore summarizes the entire history for product i, and the

policy carries O(1) state per product, as the clocks do.

The policy linearizes each new denominator at the means prevailing when the assortment was

offered and never revisits it, so (13) is not the minimizer of a global divergence over a family

of independent laws. The weight (1 + µSτ )
−1 is fixed once period τ has passed, and it sets how

heavily that display weighs against each product shown. If the products on display were collectively

attractive, µSτ is large, the penalty is mild, and failing to sell i says little about vi; if they were

not, the same failure says more. This is the substitution evidence the clocks discard, reduced to

one scalar per period.
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Algorithm 3 Thompson Sampling via Mean-Field Filtering

1: Input: horizon T , capacity K, revenues {ri}Ni=1, prior (α0, β0).

2: Initialize: set Vi← 0, Υi← 0 and µi← α0/β0, ∀i∈N .

3: for t= 1, . . . , T do

4: Sample ṽi ∼ Gamma(α0 + Vi, β0 + Υi) independently, ∀i ∈ N , offer St ← S∗(ṽ), and set µSt
←∑

j∈St
µj .

5: Observe It ∈ St ∪ {0} and update Vi ← Vi + 1{It = i}, Υi ← Υi + 1{i ∈ St}/(1 + µSt
) and µi ←

(α0 +Vi)/(β0 +Υi), ∀i∈N .

6: end for

Algorithm 3 collects the procedure. Each period draws independently from the current Gamma

laws, offers the optimal assortment under the draw, and evaluates µSt at the means in force before

the customer is observed; the counts, the exposures, and the means are then updated.

Once St is chosen, updating Υi and µi across the displayed products costs O(|St|) time, so a

period costs N independent gamma draws, one call to the oracle S∗(ṽ), and an update confined

to the assortment. Nothing beyond the two statistics per product is retained, in contrast with the

sweeps of Algorithm 2, which revisit the record of past assortments before every decision.

Relative to the filtered-likelihood policies, a display updates i even when the sale goes to another

displayed product, which is precisely the evidence the filtered likelihood discards; relative to the

complete posterior, the correction reaches i only through the aggregate mean µSτ and leaves the

coordinates independent.

6.2. Regret Bound for a Covariance-Corrected Variant

We prove no regret bound for Algorithm 3, which linearizes each denominator once and never

revisits it, so that its approximate law minimizes no global divergence. The variant below admits

one. It keeps the Gamma family, the mean recursion, and the O(1) state per product, and corrects

the sampling center and dispersion through two additions. The first certifies the sampling center

against the product-versus-outside comparisons that the clocks of Section 4 already record: those

counts yield an interval that covers vi with high probability, and projecting µi,t onto it and shifting

to its upper end gives a correction mi,t that lies above vi and contracts onto it as the local clock

advances. The second accumulates one Fisher statistic Ji,t per product from the fitted choice

probabilities of the assortments that displayed it, and, for a fixed c≥ 1, draws independently for

i∈N

ṽi,t ∼Gamma

(
Ji,t

c
,
Ji,t

cmi,t

)
.
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The covariance correction admits a fixed-assortment calibration, derived in Section EC.6.3 of

the e-companion. Suppose a nonempty assortment S is offered in every period, and keep N , S, the

prior, and the tuning parameters fixed. Assume vi ∈ (vmin,1) for i∈ S; the raw-filter calculation also

assumes convergence of its means. Write vS := (vi)i∈S and D := 1+
∑

i∈S vi. The leading conditional

covariance terms after t periods of Algorithm 3, the corrected draw, and the complete posterior

are, respectively,

D

t
diag(vS),

cD2

t
diag(vS),

D

t

{
diag(vS)+ vSv

⊤
S

}
.

Under these conditions, the ratio of each corrected variance to its raw counterpart tends to cD.

What the mean-field law omits is the rank-one term vSv
⊤
S , the positive coupling among products

displayed together, which no product-wise law can carry. Since vSv
⊤
S ⪯ (

∑
i∈S vi)diag(vS), the

corrected leading covariance dominates that of the complete posterior for c ≥ 1. At c = 1, their

leading variances of the aggregate attraction
∑

i∈S vi coincide.

The certificate covers the sampling center with finite-sample probability, so the guarantee below

requires no concentration of the unprojected mean recursion µi,t.

Theorem 3 (Regret of Covariance-Corrected Mean-Field Sampling). Suppose that

v ∈ [vmin,1]
N and α0, β0 > 0, and run the covariance-corrected policy of Algorithm 4 in Section EC.6

with fixed λ0 ≥ c≥ 1 and initial Fisher statistics Ji,1 = λ0 for i∈N . There exists C <∞, depending

only on vmin, such that

Reg(T, v)≤CK
√

cNT log(2NT 2)+C.

In particular, for fixed c, the regret is of order Õ(K
√
NT ), uniformly over 1≤K ≤N .

The rate is gap free. Section EC.6 of the e-companion states the policy in full, derives the

certificate and the Fisher statistic, supplies the fixed-assortment calibration quoted above, and

proves the theorem. The guarantee above covers the corrected variant, not Algorithm 3. Section 7

reports the practical performance of Algorithm 3.

7. Numerical Results

This section compares the numerical performance of the proposed policies and relevant benchmarks

beyond the finite-time upper bound guarantees established above, when such guarantees exist. The

experiments compare regret and computation across a baseline design, two structural stress tests,

and variations in the number of products and capacity.
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7.1. Experimental Design

Benchmarks and Performance Metric. In addition to our three policies, the asynchronous-

clock policy, the Gibbs approximation to the MNL posterior, and mean-field filtering, we run the

epoch-based independent-BetaPrime construction of Agrawal et al. (2026); these four are the focal

policies below. Two external benchmarks complete the comparison: Algorithm 2 of Agrawal et al.

(2026) and the outside-option-pivot AOA-RBPL policy of Saha and Gaillard (2025), referred to as

the Saha–Gaillard UCB. For Algorithm 2 we use the authors’ empirical calibration α= β = 1 and

project negative raw attractions onto R+ before calling the MNL oracle, without resampling the

Gaussian shocks.1

Performance is measured in terms of the cumulative pseudo-regret (which we estimate by Monte

Carlo),

R(T ) =
T∑

t=1

[
R(S∗(v), v)−R(St, v)

]
.

Instances and Priors. We use α0 = 1 and β0 = 3 for the prior of every Thompson-sampling

policy’s BetaPrime or Gamma law; the attraction generators and the full-likelihood implementation

additionally use vmin = 0.05. Baseline attractions are independent draws from the Gamma law

truncated to [0.05,1], and revenues are independent uniform draws from [0.05,1]. The baseline

design uses N = 1000, K = 10, and T = 200000, with 30 instances and 10 replications per instance.

The scaling design varies N ∈ {100,250,500,1000} at K = 10 and K ∈ {1,5,10,20,50} at N =

100, with 15 instances and 5 replications. Instances with fewer products are nested prefixes of one

master instance, and capacities are compared on the same revenue and attraction vectors.

Uncertainty and Computation. Replications are averaged within each instance, and 95% inter-

vals are the 2.5%–97.5% percentiles of 2000 bootstrap resamples of instances, with shared resam-

pling indices preserving pairing across policies; tables report mean [lower,upper], except the scaling

table, which reports means and standard errors. All algorithms are implemented in Julia 1.12.4

(Bezanson et al. 2017); reported times cover assortment selection and updating, in seconds per

1,000 periods. We calibrate the Gibbs implementation to M = 50 sweeps per decision, the small-

est within 5% mean relative regret of a 1000-sweep reference, an 18.8-fold speedup, and use it

throughout. Section 7.2 records the calibration, timing protocol, and execution provenance.

1 This completion, unspecified in the original algorithm, affects approximately 0.10% of regular sampling epochs at
K = 10, but 50.03% at K = 1; Section 7.2 gives the complete profile across capacities.
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7.2. Implementation and Calibration

Instance Construction. The small-gap generator uses baseline attractions and revenues from

the upper 15% of [0.05,1] for a random K-product target, the lower 5% otherwise, then tunes

one fringe challenger. Substitution uses the upper 3% for a random 40-product pool, the lower 5%

otherwise.

Execution and Timing. Reported times exclude metrics, checkpointing, and input/output. Sim-

ulation stops at T , and omitting an unfinished epoch’s terminal update affects neither the recorded

actions nor the regret. We complete Algorithm 2 (Agrawal et al. 2026) by projecting negative

raw attractions onto R+, which preserves feasible draws and Gaussian randomization; since each

epoch applies the coordinate-wise maximum of K independent standard normals, one per unit

of display capacity, the projection binds less often as capacity grows, affecting at least one coor-

dinate in 50.03%, 3.14%, approximately 0.10%, and 5.1 × 10−5% of regular sampling epochs at

K = 1,5,10,20, respectively, and never at K = 50.

Gibbs State and Calibration. After processing ST , distinct nonempty assortments average

4178 (range 1696–9569), 8.4 (4–11), and 1645 (853–3209) over 300 Gibbs trajectories per family:

baseline, small gaps, and substitution, respectively. Calibration uses ten paired instances, one

trajectory per tabulated sweep count, sharing customer streams. For instance i’s mean regret per

period ai,M , we average 2(ai,M −ai,1000)/(ai,M +ai,1000) across instances and select the smallest M

whose average has magnitude at most 5%. (The 90% intervals only describe variability).

Table 1 Gibbs calibration (N = 1000, K = 10, T = 10000). Bold marks the selected sweep count.

M
Mean Regret

per Period

Standard Error

of Regret

Relative Difference

from M = 1000 (%)

90% CI for

the Difference (%)

Policy Time per

1,000 Periods (s)

20 0.008838 0.000905 9.02 [-1.80, 19.84] 0.73

50 0.007844 0.000522 -0.01 [-9.29, 9.27] 1.69

100 0.008584 0.000808 7.30 [-3.82, 18.43] 3.51

200 0.007858 0.000668 -1.18 [-13.99, 11.63] 6.44

500 0.007812 0.000723 -2.75 [-10.88, 5.38] 21.64

1000 0.008058 0.000829 0.00 [0.00, 0.00] 31.81

7.3. Baseline Comparison

Figure 1 and Table 2 show the regret–computation trade-off: Gibbs records the lowest regret,

followed by mean-field filtering at a fraction of its cost. The two clocks attain nearly identical

regret despite changing their decisions in 7.4% and 60.4% of periods, respectively. Both external

benchmarks incur substantially more regret than the four focal policies.
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Figure 1 Cumulative-regret trajectories in the baseline design. Panel (a) presents the full comparison; panel (b)

enlarges the four policies with the lowest regret.

Table 2 Cumulative regret at the end of the horizon, mean regret increment per period over the last 50,000

rounds, and terminal metrics in the baseline design. Times are seconds per 1,000 periods.

Policy
Regret Optimal

selection

Switch

rate

Time

(s)

Cumulative
Mean per

Period

Epoch TS

(Agrawal et al.)

285.4
[265.1, 307.9]

3.54 · 10−4

[3.10 · 10−4, 3.97 · 10−4]
41.3%

[34.9%, 47.9%]
7.4%

[6.7%, 8.0%] 0.0141

Asynchronous-Clock

TS

281.2
[261.9, 300.8]

3.29 · 10−4

[2.98 · 10−4, 3.61 · 10−4]
42.0%

[35.7%, 48.2%]
60.4%

[55.4%, 65.1%] 0.111

MNL via Gibbs
176.6

[161.0, 193.4]

2.06 · 10−4

[1.77 · 10−4, 2.33 · 10−4]
48.1%

[41.0%, 55.3%]
51.2%

[45.9%, 56.5%] 5.65

Mean-Field TS
194.9

[178.8, 212.2]

2.66 · 10−4

[2.28 · 10−4, 3.05 · 10−4]
44.8%

[36.8%, 52.7%]
53.5%

[48.0%, 58.9%] 0.0692

Algorithm 2

(Agrawal et al.)

1 236.1
[1 222.4, 1 250.1]

3.29 · 10−4

[3.02 · 10−4, 3.57 · 10−4]
47.8%

[40.9%, 54.6%]
4.6%

[4.3%, 4.9%] 0.0115

Saha-Gaillard

UCB

14 138.4
[13 736.6, 14 518.9]

6.55 · 10−3

[5.78 · 10−3, 7.34 · 10−3]
5.0%

[4.0%, 6.0%]
12.7%

[12.2%, 13.2%] 0.0268

7.4. Structural Stress Tests

The stress tests ask whether the baseline ordering persists when the two best assortments are

nearly indifferent or when many nearby assortments are substitutes. We build each family directly:

the small-gap generator tunes a one-product-swap challenger and certifies that it and the target

are the two best assortments, with revenue gap in [10−5,5 × 10−4]; the substitution generator

uses a 40-product high-revenue pool and certifies at least 20 distinct one-product swaps from the

optimum with losses at most 0.01. Both designs use N = 1000, K = 10, and T = 200000, with 30

instances and 10 replications per instance; Section 7.2 gives the construction. Figures 2–3 show the

trajectories; Table 3 reports both sets of metrics.

Small Gaps. Gibbs has the lowest regret, with paired differences of 2.26, 2.73, and 6.08 from

the asynchronous policy, the epoch benchmark, and mean-field filtering, all with 95% intervals

excluding zero. Mean-field filtering has the largest regret among the four, but its differences from

the clocks are inconclusive. The external benchmarks select the optimum more often than the focal
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Figure 2 Cumulative regret when the gap between the two best assortments lies in [10−5,5× 10−4] (N = 1000,

K = 10, T = 200000; 30 instances, 10 replications each).

policies yet incur much greater regret: their less frequent errors are more costly. Selection frequency

alone therefore does not rank decision quality.
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Figure 3 Cumulative regret in the substitution family, built around a structured 40-product high-revenue pool

(N = 1000, K = 10, T = 200000; 30 instances, 10 replications each).

Substitution. Gibbs and mean-field filtering are not statistically separated: their paired regret

difference is 1.35, with 95% interval [−2.48, 5.77]; their optimal-selection frequencies do not sepa-

rate them either. Both outperform the clocks, whose difference remains inconclusive. Computation

separates Gibbs from mean-field filtering more clearly: 3.67 against 0.0492 seconds per 1,000 peri-

ods. Thus the evidence favors Gibbs over mean-field filtering in the small-gap family, but not in

the substitution family; it does not establish equivalence.
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Table 3 Cumulative regret, optimal-assortment selection frequency, and policy time in the two stress families

(N = 1000, K = 10, T = 200000; 30 instances, 10 replications each). Times are seconds per 1,000 periods.

(a) Small gaps (b) Substitution

Policy Regret
Optimal

selection

Time

(s)
Regret

Optimal

selection

Time

(s)

Epoch TS (Agrawal et al.)
11.8

[10.0, 13.7]
74.5%

[69.9%, 78.8%] 0.0219
124.0

[116.9, 132.5]
57.5%

[50.2%, 64.8%] 0.0116

Asynchronous-Clock TS
11.4

[9.2, 14.0]
75.2%

[69.9%, 80.1%] 0.0893
127.8

[120.8, 135.1]
55.5%

[49.1%, 62.4%] 0.0843

MNL via Gibbs
9.1

[7.4, 10.9]
79.9%

[75.2%, 84.1%] 0.955
102.6

[96.8, 108.8]
59.0%

[52.3%, 66.2%] 3.67

Mean-Field TS
15.2

[10.8, 20.3]
69.9%

[61.8%, 77.5%] 0.0632
103.9

[96.6, 112.5]
58.2%

[51.3%, 65.4%] 0.0492

Algorithm 2 (Agrawal et al.)
920.0

[906.5, 932.6]
93.6%

[91.2%, 95.6%] 0.0156
1 233.0

[1 228.4, 1 238.2]
56.3%

[49.0%, 64.1%] 0.0076

Saha-Gaillard UCB
803.6

[786.2, 822.0]
90.8%

[87.1%, 93.8%] 0.0076
4 186.9

[4 163.7, 4 210.8]
19.7%

[16.2%, 23.6%] 0.0107

7.5. Scaling with the Number of Products and Capacity

Table 4 shows how catalog size and capacity separately affect finite-horizon performance.

Table 4 Cumulative regret and policy time across combinations of N and K. Regret cells report the mean and,

in parentheses, its standard error.

N K
Cumulative Regret Policy Time per 1,000 Periods (s)

Agrawal

Epoch
AsyncMNL–Gibbs Mean-Field

Algorithm 2

Agrawal et al.

Saha–Gaillard

UCB

Agrawal

Epoch
Async MNL–Gibbs Mean-Field

Algorithm 2

Agrawal et al.

Saha–Gaillard

UCB

100 1

471.4

(19.7)

493.2

(26.7)

250.2

(29.2)

402.1

(64.8)

423.6

(21.8)

5 228.3

(117.9) 0.0049 0.0087 0.171 0.0055 0.0030 0.0085

100 5

122.6

(10.6)

125.1

(9.1)

102.3

(12.4)

98.1

(7.5)

195.7

(9.2)

2 845.2

(112.1) 0.0032 0.0123 0.492 0.0088 0.0031 0.0095

100 10

50.6

(4.1)

50.1

(5.2)

41.8

(4.3)

45.6

(5.6)

142.6

(5.6)

2 154.2

(94.0) 0.0029 0.0155 0.737 0.0110 0.0028 0.0118

100 20

5.4

(1.1)

5.6

(1.3)

4.5

(0.9)

13.4

(5.1)

101.4

(1.4)

1 925.6

(63.6) 0.0032 0.0210 0.409 0.0160 0.0030 0.0086

100 50

1.4

(0.2)

1.5

(0.2)

1.6

(0.3)

20.4

(7.5)

114.4

(3.2)

1 966.2

(66.6) 0.0068 0.0498 0.185 0.0444 0.0057 0.0058

250 10

115.1

(6.9)

113.5

(6.2)

83.5

(3.7)

88.8

(4.8)

342.5

(4.6)

4 547.1

(110.1) 0.0050 0.0312 1.95 0.0219 0.0045 0.0161

500 10

186.1

(12.4)

180.3

(13.4)

121.1

(8.3)

135.6

(9.4)

649.4

(9.7)

8 115.2

(209.2) 0.0079 0.0560 3.56 0.0393 0.0071 0.0221

1000 10

288.0

(18.1)

281.2

(16.1)

178.3

(12.3)

191.9

(15.5)

1 238.9

(13.4)

14 168.2

(274.0) 0.0141 0.103 5.83 0.0708 0.0116 0.0271

As N grows from 100 to 1000, R(T )/
√
NT stays within [0.0093,0.0126] for Gibbs and

[0.0102,0.0136] for mean-field filtering, descriptively consistent with
√
N growth. Along the capac-

ity axis, regret decreases for most policies as the constraint slackens: all 15 optimal assortments fill

the capacity up to K = 10, 13 do at K = 20, and none at K = 50. Mean-field filtering has the largest

mean regret among the focal policies at K = 20 and K = 50, and its mean regret increases between

these capacities, though this does not isolate its aggregate denominator correction as the cause.

Algorithm 2 (Agrawal et al. 2026) records the lowest policy time in every cell, but higher regret

than all four focal policies in seven of eight; Gibbs remains the most computationally demanding.

8. Concluding Remarks

We have proposed three policies, differing in how much of the MNL likelihood each retains. The first

is the asynchronous-clock policy with independent BetaPrime draws. The linear-fractional revenue

structure identifies when correcting an omitted product would improve the sampled optimum; scalar

posterior odds and the accumulated product-versus-outside comparisons control how long such a



Sauré and Vidal-Romero: Information Trade-Off in MNL Bandits
30 Article submitted to ; manuscript no.

product can remain unselected. Under the stated attraction conditions, this yields gap-free worst-

case regret Õ(
√
NKT ) without variance inflation. The contribution is to the sampling mechanism;

UCB and correlated sampling retain sharper capacity dependence. The second concerns the value

of retaining the complete likelihood that those clocks discard: a Gamma–Exponential augmentation

turns the shared denominator into product-wise conditionals and yields a Gibbs sampler for the

joint posterior, and ideal Thompson sampling from that posterior attains Bayesian regret Õ(
√
NT ),

also uniform in capacity, through posterior symmetry and pairwise Fisher concentration. The

third places these two representations alongside mean-field filtering, which corrects the shared

denominator to first order at O(1) memory per product, and shows that a corrected form of that

filter, with a certified sampling center and corrected dispersion, attains gap-free Õ(K
√
NT ) regret.

Our numerical experiments describe a statistical–computational trade-off: the fifty-sweep Gibbs

implementation attains the lowest regret in most designs and has the highest computational cost.

Mean-field filtering is not statistically separated from Gibbs in the substitution design, but has

higher regret in the small-gap design and the two largest-capacity cells. It is therefore a lower-

cost, instance-dependent alternative; however, these comparisons do not identify the cause of the

performance differences. Neither comparison is covered by a guarantee for the implementation

tested: the Gibbs implementation approximates the posterior draw, and the mean-field bound

covers a covariance-corrected variant rather than the filter as run.

Two questions remain open. The extra factor
√
K in the asynchronous-clock regret bound is

not required by the lower bound of Chen and Wang (2018) in its regime; whether it can be

removed by sharpening the coordinate-repair analysis or is intrinsic to independent BetaPrime

sampling remains unresolved. The second is whether the correction is necessary: a corrected form

of mean-field filtering attains gap-free Õ(K
√
NT ) regret, and we do not know whether the filter as

implemented, which neither corrects its dispersion nor certifies its center, admits a bound of any

order.
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Sauré and Vidal-Romero: Information Trade-Off in MNL Bandits
32 Article submitted to ; manuscript no.
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E-Companion: Constructions and Supporting Proofs

Sections EC.1 and EC.2 establish the two representations the policies sample from: the

BetaPrime update that makes the asynchronous clocks conjugate, and the augmented MNL poste-

rior underlying the Gibbs sampler. Section EC.3 collects the setup, auxiliary results, and supporting

calculations that the proofs of Theorems 1 and 2 in the main text set aside, and Sections EC.4

and EC.5 prove those auxiliary results. Section EC.6 develops the covariance-corrected mean-field

policy of Section 6 and proves Theorem 3. The probability space, the filtrations Ft and F̄t, and

the notational conventions are those fixed in Section EC.1.

EC.1. BetaPrime Conjugacy for Asynchronous Clocks

This section proves Proposition 1. A factorization of the one-period MNL kernel yields the required

Bernoulli representation and the BetaPrime update. Section EC.3.1 uses the same representation

to establish concentration uniformly over the possible clock counts.

Throughout the e-companion, Ft = σ(Ht) is the history filtration of Section 3 and F̄t :=Ft−1 ∨

σ(St) is the pre-choice σ-field of period t, so that St is F̄t-measurable but need not be Ft−1-

measurable.

Proof of Proposition 1. Let i∈N and set θi := vi/(1+vi). The Bernoulli sequence is indexed by

recorded comparisons. A zero records an outside-option choice while i is offered; periods without a

comparison leave the next entry unrevealed. To construct this representation, we decide whether

to record a comparison before revealing its outcome. Whenever i∈ St, the MNL kernel factors as

Pv(It ∈ {i,0} | F̄t) = pi(St, v)+ p0(St, v), Pv(It = i | It ∈ {i,0}, F̄t) =
pi(St, v)

pi(St, v)+ p0(St, v)
= θi.

When St \ {i} is nonempty, the complementary conditional distribution assigns probability

vj/
∑

ℓ∈St\{i} vℓ to each j ∈ St \ {i}. If St = {i}, the complementary event has probability zero.

Conditional on v, take an infinite i.i.d. Bernoulli(θi) sequence (Zi,k)k≥1, independent of all auxil-

iary randomization used to implement the policy and generate the remaining customer choices. Let

ni,t := Vi,t +Ni,t. We construct the history by induction, preserving three properties before each

period t:

(i) the constructed history has the original adaptive MNL law;

(ii) exactly the prefix Zi,1, . . . ,Zi,ni,t
has been revealed, and Vi,t =

∑ni,t

k=1Zi,k;
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(iii) conditional on everything revealed so far, the unused tail (Zi,ni,t+k)k≥1 is an i.i.d. Bernoulli(θi)

sequence.

Base case. Before period 1, the history is empty and Vi,1 = ni,1 = 0, so (i)–(iii) hold.

Induction hypothesis. Let t≥ 1 and suppose (i)–(iii) hold before period t.

Inductive step. Draw St from the policy’s original conditional rule, using the constructed history and

independent auxiliary randomization. If i /∈ St, generate It from the MNL kernel using independent

customer randomization and leave the sequence untouched. If i∈ St, use randomization independent

of the history and of the unused tail to accept a comparison with probability pi(St, v) + p0(St, v).

Upon acceptance, reveal Zi,ni,t+1 and set It = i if it equals one and It = 0 otherwise. Upon rejection,

draw from the complementary distribution without revealing a binary outcome.

The factorization above gives the original MNL kernel when i∈ St; otherwise, that kernel is used

directly. Together with the unchanged policy rule, this preserves (i) before period t+1.

A comparison is recorded exactly upon acceptance, and its outcome is the revealed entry. Thus

the count increments are

ni,t+1−ni,t = 1{i∈ St, It ∈ {i,0}}, Vi,t+1−Vi,t = (ni,t+1−ni,t)Zi,ni,t+1.

Since the clock advances by at most one, these identities give

Vi,t+1 =

ni,t∑
k=1

Zi,k +(ni,t+1−ni,t)Zi,ni,t+1 =

ni,t+1∑
k=1

Zi,k.

Exactly the first ni,t+1 entries have now been revealed, proving (ii).

Finally, selection and acceptance use randomization independent of the unused tail. A period

without a comparison leaves that tail untouched; a comparison reveals only its first entry. By (iii)

at period t, the remaining tail therefore retains its i.i.d. Bernoulli(θi) law conditional on everything

revealed through period t, proving (iii) at period t+1.

Induction now gives the claimed Bernoulli-prefix representation. The unused sequence remains

available even if the policy stops offering i, so the clock need not advance indefinitely.

For the conjugate update, the product of the recorded Bernoulli factors is

θ
Vi,t

i (1− θi)
Ni,t =

(
vi

1+ vi

)Vi,t
(

1

1+ vi

)Ni,t

=
v
Vi,t

i

(1+ vi)
Vi,t+Ni,t

.

Multiplying by the BetaPrime(α0, β0) prior kernel yields(
vα0−1
i (1+ vi)

−(α0+β0)
)
· v

Vi,t

i

(1+ vi)
Vi,t+Ni,t

= v
α0+Vi,t−1

i (1+ vi)
−(α0+Vi,t+β0+Ni,t),

the kernel of the prescribed BetaPrime(α0 +Vi,t, β0 +Ni,t) update, for every t≤ T .
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EC.2. The Augmented MNL Posterior

This section proves Proposition 2 and then verifies that grouping repeated assortments preserves

the complete Gibbs transition kernel, as stated in Corollary EC.1.

Proof of Proposition 2. Let t ≥ 1 and condition on the realized history Ht−1. Write y =

(y1, . . . , yt−1). The augmentation uses the reciprocal identity a−1 =
∫∞
0

e−ay dy, applied in period

τ < t with a= 1+
∑

j∈Sτ
vj. Accordingly, define on [vmin,1]

N ×Rt−1
+

π̄t(v, y) := πt(v)
t−1∏
τ=1

(
1+

∑
j∈Sτ

vj

)
exp

(
−yτ

(
1+

∑
j∈Sτ

vj

))
.

For fixed v, every factor after πt(v) is a normalized Exponential density. Tonelli’s theorem there-

fore gives
∫
Rt−1
+

π̄t(v, y)dy = πt(v), establishing the required marginal. Dividing the joint density

by this marginal leaves a product of normalized one-dimensional densities, so the exposures are

conditionally independent with the rates stated in the proposition.

It remains to derive the conditional distribution of v given y. For fixed y, Bayes’ formula, the

joint density constructed above, and (8) give

π̄t(v | y)
(a)
∝ π0(v)

t−1∏
τ=1

v
1{Iτ ̸=0}
Iτ

1+
∑

j∈Sτ
vj

(
1+

∑
j∈Sτ

vj

)
exp

(
−yτ

(
1+

∑
j∈Sτ

vj

))
(b)
∝
∏
i∈N

v
α0+Vi,t−1

i exp

(
−vi

(
β0 +

t−1∑
τ=1

1{i∈ Sτ}yτ

))
1{vi ∈ [vmin,1]}.

Substituting the joint density and πt(v) ∝ π0(v)L(v | Ht−1) gives (a), making the cancellation of

each MNL denominator with its Exponential rate explicit. Relation (b) drops exp(−
∑

τ<t yτ ),

which is constant in v, and groups the remaining terms by product: purchases add Vi,t to the prior

shape, while latent exposures from periods with i∈ Sτ add to the prior rate.

Each factor is an integrable truncated Gamma kernel involving only vi. Its shape and rate are

those in Proposition 2, and the normalizing integral factorizes across products, proving the stated

conditional independence. When t= 1, the products are empty, the latent block is absent, and the

attraction distribution reduces to the prior.

The two full conditionals define a transition from any current state in [vmin,1]
N . To verify invari-

ance, suppose that the current state has density πt. Drawing y from its conditional density and then

a new state v′ from the attraction conditional completes one Gibbs sweep. For fixed v′ ∈ [vmin,1]
N ,

Tonelli’s theorem gives the following output density, with each integral taken over the correspond-

ing support: ∫ ∫
πt(v)π̄t(y | v)π̄t(v

′ | y)dy dv=
∫

π̄t(y)π̄t(v
′ | y)dy

= πt(v
′).
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The first equality integrates out the current state, and the second uses the v′-marginal of the

augmented density. Hence the output of the sweep has density πt.

Corollary EC.1 (Exact Grouping of the Latent Variables). Let t≥ 1 and condition on

the realized history Ht−1. Let At be the set of distinct nonempty assortments among S1, . . . , St−1,

and let nA,t :=
∑

τ<t 1{Sτ =A} for A ∈ At. For each A ∈ At, aggregate the record-level exposures

as YA :=
∑

τ<t:Sτ=A yτ . Conditional on v and Ht−1, these variables are mutually independent, with

the following law for each A∈At:

YA | v,Ht−1 ∼Gamma

(
nA,t,1+

∑
j∈A

vj

)
.

Moreover, conditional on {YA}A∈At and Ht−1, the attraction parameters are mutually independent,

and for each i∈N ,

vi | {YA}A∈At ,Ht−1 ∼Gamma[vmin,1]

(
α0 +Vi,t, β0 +

∑
A∈At:i∈A

YA

)
.

Drawing these two blocks induces the same transition kernel on v as the record-level Gibbs update

of Proposition 2 and therefore leaves πt invariant.

Proof of Corollary EC.1. The attraction conditional in Proposition 2 depends on the record-

level exposures only through their sums over repeated assortments. It therefore suffices to identify

the law of these sums and verify that substituting them preserves the normalized attraction density.

If At is empty, both updates draw directly from the prior, so assume At ̸= ∅.

Conditional on v and Ht−1, the nA,t exposures associated with an assortment A are independent

Exponential variables with common rate 1 +
∑

j∈A vj. Their sum YA thus has the Gamma law

stated in the corollary. Distinct assortments use disjoint sets of these independent variables, so

their sums are independent as well. Write π̄G
t (Y | v) for the resulting product density. Exposures

associated with an empty assortment enter no attraction conditional and integrate to one.

For each product i, partitioning its display periods by assortment gives
∑t−1

τ=1 1{i ∈ Sτ}yτ =∑
A∈At:i∈A YA. Substituting this identity into the attraction conditional of Proposition 2 shows that

it depends on y only through Y ; iterated conditioning therefore yields the conditional law stated

in the corollary, with normalized product density π̄G
t (v

′ | Y ). The shapes, rates, and truncation

intervals agree coordinate by coordinate, so their normalizing constants agree as well: π̄t(v
′ | y) =

π̄G
t (v

′ | Y ) for every record-level vector with grouped sums Y .
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It remains to integrate over the first block. For fixed v, v′ ∈ [vmin,1]
N , substituting the equality

of attraction densities and then using the law of the grouped sums gives∫
Rt−1
+

π̄t(y | v)π̄t(v
′ | y)dy=

∫
Rt−1
+

π̄t(y | v)π̄G
t (v

′ | Y )dy

=

∫
RAt
+

π̄G
t (Y | v)π̄G

t (v
′ | Y )dY.

In the first two integrals, YA =
∑

τ<t:Sτ=A yτ ; the last integral averages directly over those sums.

The two sides are precisely the transition densities of the record-level and grouped updates. They

therefore induce the same kernel for every current state v. Since the record-level update leaves πt

invariant by Proposition 2, the grouped update does as well.

Computational Cost. Computing the rates of the grouped latent variables and accumulating

their contributions to the attraction rates visits each incidence pair (A, i), with i ∈A, a constant

number of times. Together with the N attraction draws, one sweep therefore requires O(N +∑
A∈At

|A|) expected time under unit expected cost per univariate Gamma draw. The purchase

counts, attraction values, assortment counts, and item-incidence lists occupy the same order of

memory. Since |A| ≤K for every feasible assortment and |At| ≤ t− 1,

M
T∑

τ=1

(
N +

∑
A∈Aτ

|A|

)
≤MNT +MK

T∑
τ=1

|Aτ | ≤MNT +
MKT (T − 1)

2
.

Thus the horizon cost is O{M(NT +K
∑T

τ=1 |Aτ |)}, which is O{M(NT +KT 2)} in the worst

case.

EC.3. Regret Analysis

Theorems 1 and 2 are proved in Sections 4.3 and 5.3. This section collects their setup, auxiliary

results, and supporting calculations. Every proposition and lemma stated in this section is proved

in Section EC.4 for the asynchronous-clock results and Section EC.5 for the full-likelihood result.

EC.3.1. Asynchronous-Clock Policy

The revenue structure localizes an appreciable loss in either an inaccurate selected coordinate or

an omitted product whose inclusion can be forced by correcting its sampled attraction. This one-

coordinate repair converts independent sampling into a comparison of probabilities. The proof then

charges the waiting cost to retained comparisons and controls it through deterministic Bernoulli

prefixes, without assigning a binomial law to an adaptively observed count.

Setup and Notation. Let v be the true vector under Assumption 1. Probabilities Pv and expec-

tations Ev include both customer and policy randomization; their versions Pt and Et condition
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on Ft−1. Constants C > 0 may change from line to line and depend only on (vmin, α0, β0) unless a

smaller dependence is specified. Retain the inclusion-wise minimal selection rule of Section 3.

The number of comparisons retained before period t is ni,t := Vi,t +Ni,t, and the conditional

purchase probability at a comparison is θi := vi/(1 + vi) ∈ (0,1/2]. Algorithm 1 draws attractions

according to

ṽi,t | Ft−1 ∼BetaPrime(α0 +Vi,t, β0 +Ni,t),
ṽi,t

1+ ṽi,t
|Ft−1 ∼Beta(α0 +Vi,t, β0 +Ni,t). (EC.1)

The second law follows by the change of variable u= x/(1+x) in the BetaPrime density: its inverse

is x= u/(1− u) and its Jacobian is (1− u)−2. To count retained comparisons, condition also on

the current draw, which determines St before the customer chooses. The MNL law gives

Pv(i∈ St, It ∈ {i,0} | Ft−1, ṽt) = 1{i∈ St}
1+ vi

1+
∑

j∈St
vj
≥ 1{i∈ St}

K +1
. (EC.2)

The restrictions vj ≤ 1 and |St| ≤K control the denominator. Conditioning on the draw makes

selection and sampling-error events measurable before observing the customer, whose new random-

ization is independent of the policy’s draw.

The retained comparisons remove the other products from relative choice probabilities, but their

timing still depends on the policy and customer choices. The next proposition represents these

comparisons by a fixed Bernoulli sequence while preserving the law of the complete adaptive history.

Proposition EC.1 (Bernoulli Prefixes under Adaptive Selection). For any product i

and any admissible policy, there is a joint construction of its adaptive MNL history and an infinite

i.i.d. sequence (Zi,k)k≥1 of Bernoulli(θi) variables such that, simultaneously for all t≥ 1,

Vi,t =

ni,t∑
k=1

Zi,k, Ni,t = ni,t−Vi,t,

almost surely. In particular,
∑n

k=1Zi,k ∼Binomial(n, θi) for every deterministic n≥ 0, with empty

sums equal to zero.

The construction treats one product at a time and does not assert independence between the

sequences of different products. A binomial law at a deterministic prefix does not imply a binomial

law conditional on the adaptive count ni,t. The regret analysis first bounds the contribution at

that adaptive count by a sum over deterministic prefixes, then uses their binomial distributions.

The repair argument uses three properties of MNL revenue: a fixed revenue threshold yields a

linear objective, attraction errors control the revenue of a fixed assortment, and an inclusion-wise

minimal optimum contains only products with positive objective coefficients.
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Lemma EC.1 (Revenue Thresholds and Linear Reformulation). The MNL revenue and

feasible family S satisfy the following properties.

(i) Revenue threshold. For S ∈ S, x∈RN
++, and λ∈R,

R(S,x)−λ=

∑
i∈S(ri−λ)xi−λ

1+
∑

j∈S xj

.

In particular, R(S,x)≥ λ if and only if
∑

i∈S(ri−λ)xi ≥ λ.

(ii) Revenue sensitivity. For S ∈ S and x, y ∈RN
++,

|R(S,x)−R(S,y)| ≤
∑

i∈S |xi− yi|
1+

∑
j∈S yj

.

(iii) Linear reformulation. For x ∈ RN
++, the revenue-maximizing assortments are precisely the

maximizers of
∑

i∈S(ri−R∗(x))xi, whose maximum is R∗(x). Under the inclusion-wise min-

imal tie-breaking rule, ri >R∗(x) for every i∈ S∗(x).

The following bound holds for fixed positive prior parameters and, in particular, under Assump-

tion 1.

Lemma EC.2 (Summed Posterior Odds). Let θ ∈ (0,1/2] and 0 < ϵ < θ. For each integer

n≥ 0 and s ∈ {0, . . . , n}, define qn(s) := P(Beta(α0 + s,β0 + n− s)≥ θ− ϵ). There exists C <∞,

depending only on (α0, β0), such that, for every T ≥ 1,

T−1∑
n=0

n∑
s=0

(
n

s

)
θs(1− θ)n−s 1− qn(s)

qn(s)
≤ C

ϵ2
log(eT ). (EC.3)

For fixed n and s, qn(s) is the probability that a Beta draw reaches the threshold θ− ϵ. Thus,

the ratio (1 − qn(s))/qn(s) is the expected number of failed independent draws before the first

threshold crossing, with the observed counts held fixed. The inner sum averages this waiting cost

over the binomial distribution of the success count, and the outer sum accumulates these averages

over prefix lengths. The lemma bounds this cumulative cost by Cϵ−2 log(eT ).

EC.3.2. Full-Likelihood Policy

Setup and Notation. Condition on the history Ft−1. Throughout this subsection, a subscript t on

probability or expectation denotes this conditioning under the joint Bayesian law. The true vector

has posterior law v | Ft−1 ∼ πt. Full-likelihood Thompson sampling draws ṽt ∼ πt independently of

v, conditional on Ft−1, and offers St = S∗(ṽt). Set U := log v, Ũt := log ṽt, U := [log vmin,0]
N , and

1 := (1, . . . ,1).
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For x ∈ [vmin,1]
N , set x0 := 1. For a ∈ N , let ea be canonical and set e0 := 0. Given S, let I ∈

S∪{0} have law P(I = a) = pa(S,x). The Fisher information in log-coordinates is FS(x) := Cov(eI).

For h0 = 0, the pairwise variance identity gives

h⊤FS(x)h=Var(hI) =
∑

0≤a<b≤N
a,b∈S∪{0}

pa(S,x)pb(S,x)(ha−hb)
2. (EC.4)

Thus FS(x)⪰ 0 and trFS(x) =
∑

a∈S pa(S,x)−
∑

a∈S pa(S,x)
2 ≤ 1.

The all-ones point 1 gives a Fisher matrix comparable to every other one in the box. Indeed, for

x∈ [vmin,1]
N and a∈ S∪{0}, pa(S,x)/pa(S,1) = xa(1+ |S|)/(1+

∑
j∈S xj), with xa = 1 when a= 0.

The first factor lies in [vmin,1] and the second in [1, v−1
min], because 1+ |S|vmin ≤ 1+

∑
j∈S xj ≤ 1+ |S|;

hence pa(S,x)/pa(S,1)∈ [vmin, v
−1
min].

The variance satisfies Varp(S,x)(hI) = infc∈R
∑

a∈S∪{0} pa(S,x)(ha− c)2, since E[(hI − c)2] is mini-

mized at c=E[hI ]. For every c∈R, the probability-ratio bound gives

vmin

∑
a∈S∪{0}

pa(S,1)(ha− c)2 ≤
∑

a∈S∪{0}

pa(S,x)(ha− c)2 ≤ v−1
min

∑
a∈S∪{0}

pa(S,1)(ha− c)2.

These inequalities hold pointwise in c, so taking infima in all three terms yields the Loewner

comparison

vminFS(1)⪯ FS(x)⪯ v−1
minFS(1). (EC.5)

Let κ := β0 and let IN denote the N×N identity matrix. Define the history-measurable information

Ht := κIN +
t−1∑
τ=1

FSτ (1)⪰ κIN ≻ 0.

Because St is selected by the posterior draw, its Fisher width cannot be controlled by treating the

assortment as independent of that draw. The following lemma instead gives one pathwise bound

simultaneously for every feasible assortment, together with the moment bound needed when regret

is averaged.

Lemma EC.3 (Pairwise Posterior Concentration). There exists a random variable Zt ≥ 0

such that

Et[Z
2
t ]≤Cv−1

min log(eN),

where C is a numerical constant. Moreover, pathwise and simultaneously for every feasible assort-

ment S,

(Ũt−U)⊤FS(1)(Ũt−U)≤Z2
t tr
(
H−1

t FS(1)
)
. (EC.6)
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Supporting Detail for Step 1 of the Proof of Theorem 2. The sensitivity bound follows

from the derivative of the revenue along a log-linear path. Let S ∈ S and x,x′ ∈ [vmin,1]
N , set

h := logx′ − logx with h0 = 0, and let us := (1 − s) logx + s logx′ for s ∈ [0,1], with us,0 := 0.

Convexity of U keeps us inside the log-support, so eus ∈ [vmin,1]
N throughout.

We first identify the directional derivative of the revenue. Let P(Is = a) = pa(S, e
us) for a∈ S∪{0}

and set r0 = 0, so that R(S, eus) =E[rIs ]. Write pa := pa(S, e
us) and let all sums over a and b range

over S∪{0}. The softmax derivative ∂pa/∂ub = pa(1{a= b}−pb) and
d
ds
us,a = ha give, by the chain

rule,

d

ds
R(S, eus) =

∑
a

ra
∑
b

pa (1{a= b}− pb)hb =
∑
a

rapaha−

(∑
a

rapa

)(∑
b

pbhb

)
=Cov(rIs , hIs).

We now compare this covariance with the Fisher width. Because rIs ∈ [0,1], Var(rIs)≤ 1/4. Hence,

uniformly in s,∣∣∣∣ ddsR(S, eus)

∣∣∣∣ (a)≤√Var(rIs)Var(hIs)
(b)

≤ 1

2

√
h⊤FS(eus)h

(c)

≤ 1

2
√
vmin

√
h⊤FS(1)h,

where (a) is Cauchy–Schwarz for the covariance, (b) substitutes Var(rIs) ≤ 1/4 and identifies

Var(hIs) with h⊤FS(e
us)h through (EC.4), and (c) uses the upper bound in (EC.5), legitimate

because us ∈ U and hence eus ∈ [vmin,1]
N .

EC.4. Auxiliary Results for Asynchronous Clocks

This section proves the auxiliary results stated in Section EC.3.1. The Bernoulli-prefix represen-

tation handles the adaptive timing of the observations; the revenue identities establish the one-

coordinate repair property; and the two scalar sampling bounds control failed repairs and errors

on selected products. We retain the notation and constant conventions of that section.

Proof of Proposition EC.1. Apply the construction in the proof of Proposition 1. It preserves

the complete adaptive MNL history while revealing exactly the first ni,t entries of an infinite i.i.d.

Bernoulli(θi) sequence. The count identity in that construction gives Vi,t =
∑ni,t

k=1Zi,k simultaneously

over periods, and Ni,t = ni,t − Vi,t gives the second identity. At each deterministic n, the sum of

the first n entries has the asserted binomial law.

Proof of Lemma EC.1. Part (i). Subtracting λ from the revenue definition and collecting terms

over the common denominator gives

R(S,x)−λ=

∑
i∈S rixi−λ(1+

∑
j∈S xj)

1+
∑

j∈S xj

=

∑
i∈S(ri−λ)xi−λ

1+
∑

j∈S xj

.

The denominator is positive, so the revenue excess and the final numerator have the same sign.

This proves the equivalence.



ec10 e-companion to Sauré and Vidal-Romero: Information Trade-Off in MNL Bandits

Part (ii). To isolate the coordinate errors xi− yi, first substitute the definition of R(S,y) and put

the difference over its positive denominator. The revenue identity
∑

i∈S rixi =R(S,x)(1+
∑

i∈S xi)

then converts the numerator into a sum of coordinate errors:

|R(S,x)−R(S,y)|=

∣∣∣∣∣R(S,x)−
∑

i∈S riyi

1+
∑

j∈S yj

∣∣∣∣∣
=

∣∣∣R(S,x)(1+
∑

j∈S yj)−
∑

i∈S riyi

∣∣∣
1+

∑
j∈S yj

=

∣∣∑
i∈S(ri−R(S,x))(xi− yi)

∣∣
1+

∑
j∈S yj

(a)

≤
∑

i∈S |ri−R(S,x)| |xi− yi|
1+

∑
j∈S yj

(b)

≤
∑

i∈S |xi− yi|
1+

∑
j∈S yj

.

The triangle inequality gives (a), while the bounds ri,R(S,x) ∈ [0,1] imply |ri −R(S,x)| ≤ 1 and

hence (b).

Part (iii). At λ=R∗(x), part (i) shows that every feasible assortment has linear objective value at

most R∗(x), with equality exactly when its revenue is optimal. Since S∗(x) attains that revenue,

the maximum of the linear objective equals R∗(x) and the maximizers coincide.

Suppose a selected product i∈ S∗(x) satisfies (ri−R∗(x))xi ≤ 0. Deleting it preserves feasibility.

A negative objective coefficient would make deletion strictly improve the linear objective, contra-

dicting optimality. A zero coefficient would preserve the objective and therefore revenue optimality,

contradicting inclusion-wise minimality. Every selected product therefore has a positive coefficient,

and xi > 0 gives ri >R∗(x).

Proof of Lemma 1. Part (i). Let λ=maxS∈S: i/∈S R(S,x). Since x−i ∈Di(ξ), (3) implies that some

feasible assortment S containing i has revenue above λ under x(i). Deleting i preserves feasibility,

and the remaining products have the same attractions under x and x(i). Hence, by the definition of

λ, R(S \ {i}, x(i)) =R(S \ {i}, x)≤ λ. The threshold identity in Lemma EC.1(i), applied to S \ {i}
and S, therefore gives ∑

j∈S\{i}

(rj −λ)x
(i)
j ≤ λ<

∑
j∈S

(rj −λ)x
(i)
j .

The two sums differ only in the term of product i, so (ri−λ)(vi− ξ)> 0. Since vi− ξ ≥ vmin/2> 0,

we obtain ri >λ.

Since xi ≥ vi − ξ and ri > λ, increasing only coordinate i from vi − ξ to xi cannot decrease the

linear objective value of S. The threshold identity therefore gives R(S,x)> λ. Every assortment

excluding i has revenue at most λ, so every optimum under x must contain i.
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Part (ii). Let λ=R∗(x). We increase the omitted coordinates to at least those of v− ξ1 without

changing the optimal value. By hypothesis, the selected coordinates lie within ξ of their true values,

so the resulting vector will dominate v− ξ1. To justify the simultaneous correction, use the linear

objective at the fixed revenue level λ. Lemma EC.1(i),(iii) gives rj >λ for j ∈ S∗(x) and

max
S∈S

∑
j∈S

(rj −λ)xj =
∑

j∈S∗(x)

(rj −λ)xj = λ.

This linear problem selects up to K products with the largest positive objective coefficients. It

therefore suffices to show that correcting an omitted coordinate cannot raise its coefficient above

the insertion or replacement threshold determined by S∗(x).

Let i /∈ S∗(x). Since S∗(x) is optimal and excludes i, maxS∈S: i/∈S R(S,x) = λ. Failure of the repair

condition in (3) implies R∗(x(i))≤ λ, while S∗(x) still attains λ under x(i). If |S∗(x)|<K, adding i

cannot increase the linear objective, so (ri−λ)(vi− ξ)≤ 0. If |S∗(x)|=K, replacing any j ∈ S∗(x)

cannot increase it either: the coefficient of the added product is at most that of the removed

product. Thus (ri−λ)(vi− ξ)≤minj∈S∗(x)(rj −λ)xj.

Now increase each omitted coordinate to zi := max{xi, vi − ξ}, leaving zj = xj for j ∈ S∗(x).

If ri − λ ≤ 0, increasing the attraction can only decrease its objective coefficient. Otherwise, the

coefficient under z is the larger of the original and corrected coefficients, both of which satisfy the

insertion or replacement bound. When capacity is full, each added product can be paired with a

removed product whose coefficient is at least as large; any additional removal deletes a positive

term. When capacity is not full, every omitted product has a nonpositive coefficient. Thus S∗(x)

continues to maximize the linear objective after all omitted coordinates have been increased. Its

objective value remains λ, so the threshold identity gives R∗(z) = λ; ties may change the selected

optimum but not its value.

It remains to compare this value with the true optimum. The optimized revenue R∗(·) is non-

decreasing in each coordinate. Indeed, at an inclusion-wise minimal optimum under any positive

vector, rj >R∗(·) for every selected product j by Lemma EC.1(iii). Increasing attractions preserves

its threshold inequality and hence cannot decrease the optimal value. This monotonicity concerns

optimized revenue, rather than the revenue of an arbitrary fixed assortment. By construction and

the error bound on selected coordinates, z ≥ v− ξ1.

To bound the revenue change when the true attractions decrease by ξ, keep the assortment S∗(v)

fixed. Apply Lemma EC.1(ii) with v−ξ1 as the first vector and v as the second, so the denominator

is evaluated at the true vector. Since R(S∗(v), v) =R∗, this gives

|R(S∗(v), v− ξ1)−R∗| ≤
∑

j∈S∗(v) |(vj − ξ)− vj|
1+

∑
j∈S∗(v) vj

=
|S∗(v)|ξ

1+
∑

j∈S∗(v) vj
≤ |S∗(v)|ξ

1+ |S∗(v)|vmin

≤ ξ

vmin

.
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Each coordinate difference has absolute value ξ, and vj ≥ vmin bounds the denominator. We can

therefore compare the true optimum with the unchanged value under z and then return to the true

revenue of S∗(x):

R∗− ξ

vmin

(a)

≤ R(S∗(v), v− ξ1)≤R∗(v− ξ1)
(b)

≤ R∗(z) = λ
(c)

≤ R(S∗(x), v)+
ξ

vmin

.

The bound for S∗(v) gives (a), optimality gives the next comparison, and coordinate monotonicity

gives (b), since z ≥ v − ξ1 > 0. For (c), apply the same sensitivity bound to S∗(x) under x and

v. By hypothesis, |xi − vi| ≤ ξ for every i ∈ S∗(x), so the same denominator estimate bounds the

revenue error by ξ/vmin; using λ=R(S∗(x), x) gives (c). Rearranging proves part (ii).

Proof of Lemma EC.2. We first establish the finite-horizon bound for the uniform Beta prior

and then compare a Beta prior with arbitrary positive shape parameters with that reference.

Throughout this proof, C > 0 denotes a universal constant that may change between lines. It suffices

to consider ϵ≤ θ/4: otherwise, replacing ϵ by θ/4≥ ϵ/4 increases the posterior odds and introduces

at most a factor of 16 in the required bound. Write y := θ − ϵ and let fn,z(s) :=
(
n
s

)
zs(1− z)n−s

denote the binomial probability mass.

Step 1 (Uniform-Prior Reference). For 0 ≤ s ≤ m, let qunifm (s) := P{Beta(s + 1,m − s + 1) ≥ y}

denote the threshold probability under the uniform prior. Lemma 2.9 of Agrawal and Goyal (2017),

with µ1 = θ, yi = y, and k=m, bounds
∑m

s=0 fm,θ(s)(1−qunifm (s))/qunifm (s) by 3/ϵ when m< 8/ϵ and

otherwise by

C

(
e−mϵ2/2 +

e−mD(y∥θ)

(m+1)ϵ2
+

1

emϵ2/4− 1

)
, (EC.7)

where D(p∥q) := p log(p/q) + (1− p) log((1− p)/(1− q)) for p, q ∈ (0,1) is the Bernoulli Kullback–

Leibler divergence. The constants are absolute, and their Appendix B expresses the expectation as

this binomial sum.

Let M ≥ 0 be an integer. We now sum the bounds from the cited lemma over prefix lengths

m= 0, . . . ,M . For each 0≤m< 8/ϵ, the binomial average over s is at most 3/ϵ by the first case of

the cited lemma. There are at most 8/ϵ+1 such integers, so their contribution to the cumulative

sum is at most (8/ϵ+1)(3/ϵ)≤ 27/ϵ2, since ϵ < 1.

For m ≥ 8/ϵ, we bound the contribution of these binomial averages by summing (EC.7) over

m. Consider the three terms inside the parentheses, retaining the common factor C. Extending

the sum of the first term to all m ≥ 1 gives
∑

m≥1 e
−mϵ2/2 = (eϵ

2/2 − 1)−1 ≤ 2/ϵ2. The equality

sums a geometric series, and the inequality uses ex − 1 ≥ x. Since D(y∥θ) ≥ 0, the second term
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satisfies e−mD(y∥θ)/((m + 1)ϵ2) ≤ 1/(mϵ2). For the third term, ex − 1 ≥ x with x = mϵ2/4 gives

(emϵ2/4− 1)−1 ≤ 4/(mϵ2). Combining the two regimes gives

M∑
m=0

m∑
s=0

fm,θ(s)
1− qunifm (s)

qunifm (s)
≤ 27

ϵ2
+

C

ϵ2

(
2+5

M∑
m=1

1

m

)
≤ C

ϵ2
log
(
e(M +1)

)
. (EC.8)

The last inequality uses
∑M

m=1m
−1 ≤ 1 + logM for M ≥ 1 and absorbs the numerical constants

into C. For M = 0, the sum is empty and log(e(M +1)) = 1.

Step 2 (Prior Comparison). To compare with the uniform prior, we decrease the prior’s first shape

to at most one and increase its second shape to an integer. This can only increase the odds of falling

below y. Set a :=min{α0,1} and b :=max{1, ⌈β0⌉}, and define q̄n(s) := P{Beta(a+s, b+n−s)≥ y}.
The restriction a ≤ 1 allows a direct tail bound for zero successes, while the integer b permits

comparison with a uniform-prior posterior after shifting the success and failure counts.

For the Gamma comparison, let Ga+s ∼Gamma(a+s,1) and Gβ0+n−s ∼Gamma(β0+n−s,1) be

independent, with unit rate throughout. Subscripts record shape parameters; variables specified as

independent are distinct draws even when their shapes coincide. Independently of these variables

and each other, take Gamma increments Gα0−a,Gb−β0 with shapes α0−a and b−β0, respectively;

an increment is identically zero when its shape difference is zero. Both increments are nonnegative,

so under this joint construction,

Ga+s

Ga+s +Gβ0+n−s +Gb−β0

≤ Ga+s

Ga+s +Gβ0+n−s

≤ Ga+s +Gα0−a

Ga+s +Gα0−a +Gβ0+n−s

.

Gamma additivity gives the leftmost ratio the Beta(a+ s, b+ n− s) law defining q̄n(s), and the

rightmost ratio the Beta(α0+s,β0+n−s) law defining qn(s). Whenever the leftmost ratio reaches

y, the rightmost ratio also reaches y. Taking probabilities therefore gives q̄n(s) ≤ qn(s), which is

the required stochastic comparison. Since (1− q)/q = q−1 − 1 decreases with q > 0, we also have

(1− qn(s))/qn(s)≤ (1− q̄n(s))/q̄n(s).

For positive counts, one more Gamma comparison connects both cases below to Step 1. Decreas-

ing the first shape from a+ s to s lowers the Beta upper tail. The resulting law, Beta(s, b+n− s),

is the uniform-prior posterior after m= n+ b− 2 observations and s− 1 successes: its parameters

are 1+(s−1) = s and 1+m− (s−1) = b+n− s. Since both shapes are positive integers, Fact 3 in

Appendix A of Agrawal and Goyal (2017) also expresses this tail as a binomial probability. Thus,

for 1≤ s≤ n,

q̄n(s)≥ qunifn+b−2(s− 1) = P{Binomial(n+ b− 1, y)≤ s− 1}. (EC.9)

The comparison (EC.9) bounds the odds for each fixed (n, s), but the desired sum weights them

by fn,θ(s). After the index shift, Step 1 instead weights the reference odds by fn+b−2,θ(s − 1).
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Applying its summed bound therefore also requires controlling the ratio of these two binomial

weights. This ratio introduces a factor proportional to nθ/s, which need not be bounded for all

positive counts. We separate the cases accordingly: s= 0 requires a direct bound because the shift

removes one success; s≥ 1 with s≥ nθ/2 gives nθ/s≤ 2; and 1≤ s < nθ/2 requires using the small

probability of these counts to control their weighted odds.

• Case s= 0. The probability of this prefix is fn,θ(0) = (1− θ)n. We show that its decay offsets the

possible growth of the odds by first bounding the posterior probability q̄n(0) from below.

Let B denote the beta function. Since b+ n ≥ 1, bounding (1− x)b+n−1 by one in its defining

integral gives B(a, b+n)≤
∫ 1

0
xa−1 dx= 1/a. Also, a≤ 1 gives xa−1 ≥ 1 on (0,1). Integrating this

lower bound in the numerator yields

q̄n(0) =

∫ 1

y
xa−1(1−x)b+n−1 dx

B(a, b+n)
≥ a(1− y)b+n

b+n
. (EC.10)

We first use 1 − q̄n(0) ≤ 1, then substitute fn,θ(0) = (1 − θ)n and the reciprocal bound from

(EC.10). Finally, y≤ 1/2 and (1− θ)/(1− y) = 1− ϵ/(1− y)≤ e−ϵ give

fn,θ(0)
1− q̄n(0)

q̄n(0)
≤ fn,θ(0)

q̄n(0)
≤ (b+n)(1− θ)n

a(1− y)b+n
=

b+n

a(1− y)b

(
1− θ

1− y

)n

≤ 2b(b+n)

a
e−nϵ.

Summing the last bound over 0 ≤ n ≤ T − 1 and extending to all n ≥ 0 gives a contribution

of at most (2b/a)
∑

n≥0(b + n)e−nϵ. Separating the constant and linear terms in b + n gives∑
n≥0(b+ n)e−nϵ = b

∑
n≥0 e

−nϵ +
∑

n≥1 ne
−nϵ. The geometric bounds

∑
n≥0 e

−nϵ ≤ 1 + ϵ−1 and∑
n≥1 ne

−nϵ ≤ ϵ−2 bound these two parts by b(1+ ϵ−1) and ϵ−2, respectively. Restoring the factor

2b/a, the contribution from zero successes is at most (2b/a)
(
b(1+ ϵ−1)+ ϵ−2

)
≤C2b(b+1)/(aϵ2),

since ϵ < 1. This includes n= 0.

• Case s ≥ 1 and s ≥ nθ/2. Here we transfer the sum to Step 1 at a bounded cost. By (EC.9),

(1− q̄n(s))/q̄n(s)≤ (1−qunifn+b−2(s−1))/qunifn+b−2(s−1). We must also transfer its weight from fn,θ(s)

to fn+b−2,θ(s− 1).

Expanding the binomial masses, we obtain

fn,θ(s)

fn+b−2,θ(s− 1)
=

(
n
s

)(
n+b−2
s−1

)θ(1− θ)−(b−1) ≤
(
n
s

)(
n−1
s−1

)θ(1− θ)−(b−1) =
nθ

s
(1− θ)−(b−1) ≤ 2b. (EC.11)

The first inequality replaces the denominator by the smaller coefficient
(
n−1
s−1

)
, since b≥ 1. The

following equality uses
(
n
s

)
/
(
n−1
s−1

)
= n/s. The last inequality uses nθ/s≤ 2 and (1−θ)−(b−1) ≤ 2b−1,

which follow from the case condition and θ≤ 1/2.
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Combining the odds comparison with (EC.11) bounds each summand by 2b times a summand

from Step 1. Under the shift (n, s) 7→ (n+ b−2, s−1), the new length is nonnegative, the success

count lies between zero and that length, and distinct pairs remain distinct. We may therefore

extend the shifted sum to all lengths through T + b− 2 and apply (EC.8):

T−1∑
n=1

∑
1≤s≤n
s≥nθ/2

fn,θ(s)
1− q̄n(s)

q̄n(s)
≤ 2b

T+b−2∑
m=0

m∑
s=0

fm,θ(s)
1− qunifm (s)

qunifm (s)
≤ C2b

ϵ2
log(e(T + b)).

• Case 1 ≤ s < nθ/2. Here nθ/s may be large. We control the weighted odds by comparing the

probability of this small success count under θ with its probability under y = θ− ϵ. This com-

parison will supply exponential decay in n.

The binomial probability in (EC.9) is the sum
∑s−1

k=0 fn+b−1,y(k) of nonnegative masses. Keeping

only its term at k = s− 1 therefore gives q̄n(s) ≥ fn+b−1,y(s− 1) > 0. The weighted odds then

satisfy

fn,θ(s)
1− q̄n(s)

q̄n(s)
≤ fn,θ(s)

q̄n(s)
≤ fn,θ(s)

fn+b−1,y(s− 1)
=

fn,θ(s)

fn,y(s)

fn,y(s)

fn+b−1,y(s− 1)
.

The first inequality uses 1− q̄n(s)≤ 1, and the second uses the lower bound on q̄n(s) just obtained.

The equality follows by multiplying and dividing by fn,y(s) > 0. We bound the resulting two

factors separately: the first compares θ and y at the same (n, s); the second compares (n, s) and

(n+ b− 1, s− 1) at the same parameter y.

For the first factor, let λ := log
(
θ(1−y)/(y(1−θ))

)
> 0. After canceling the binomial coefficients,

the logarithm of fn,θ(s)/fn,y(s) is sλ+n log((1− θ)/(1− y)). The definition of D gives log((1−

θ)/(1− y)) =−D(y∥θ)−λy, so

fn,θ(s)

fn,y(s)
=

(
θ

y

)s(
1− θ

1− y

)n−s

= exp
(
−nD(y∥θ)−λ(ny− s)

)
. (EC.12)

To control the exponent, we bound λ(ny− s) from below. Since ϵ≤ θ/4, we have y ≥ 3θ/4; the

case condition then gives s < nθ/2 ≤ 2ny/3, so ny − s ≥ ny/3. Also, λ ≥ log(θ/y) > 0 because

(1− y)/(1− θ)> 1. These bounds yield

λ(ny− s)≥ nλy

3
≥ ny

3
log

(
θ

y

)
≥ nyϵ

3θ
≥ nϵ

4
.

The third inequality applies logu≥ 1− 1/u with u= θ/y, using θ− y= ϵ; the last uses y≥ 3θ/4.

Substituting this bound into (EC.12) and using D(y∥θ)≥ 0 shows that the first factor is at most

e−nϵ/4.
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For the second factor, expanding the masses at parameter y gives fn,y(s)/fn+b−1,y(s − 1) =((
n
s

)
/
(
n+b−1
s−1

))
y(1− y)−b. Here

(
n+b−1
s−1

)
≥
(
n−1
s−1

)
again bounds the coefficient ratio by n/s. Substi-

tuting the bounds on both factors into the preceding bound for the weighted odds gives

fn,θ(s)
1− q̄n(s)

q̄n(s)
≤ e−nϵ/4ny

s
(1− y)−b ≤ 2by

n

s
e−nϵ/4.

The last inequality uses y≤ 1/2. The factor n/s is now accompanied by exponential decay in n,

which makes the contribution summable.

It remains to sum these weighted odds. The geometric-sum bound from the case s= 0, applied

with ϵ/4, gives
∑

n≥1 ne
−nϵ/4 ≤ 16/ϵ2. Also,

∑n

s=1 s
−1 ≤ 1 + logn ≤ log(eT ) for 1 ≤ n ≤ T − 1.

Extending each inner sum to all 1≤ s≤ n and using y≤ 1/2 therefore gives

T−1∑
n=1

∑
1≤s<nθ/2

fn,θ(s)
1− q̄n(s)

q̄n(s)
≤ 2by

T−1∑
n=1

ne−nϵ/4

n∑
s=1

1

s
≤C2bϵ−2 log(eT ).

Combining the three contributions proves the bound, since log(e(T + b))≤ log(eT ) + log(b+1)

for T ≥ 1. The resulting constant is at most a universal multiple of 2b(b+1)/a, including the initial

reduction of ϵ, and therefore depends only on (α0, β0), not on θ, ϵ, or T .

Proof of Lemma 2. The lemma counts periods with an inaccurate selected coordinate, whereas

concentration controls the number of retained comparisons. A product with few ticks may be

selected repeatedly without advancing its clock; the lower bound on its tick probability controls the

expected number of such selections. Once the clock has enough ticks, an inaccurate draw requires

either an atypical empirical prefix or a sampling deviation from an accurate one. We first obtain

the two concentration bounds, then count these three sources of error in calendar time.

Step 1 (Concentration at Deterministic Prefixes). Choose the cutoff n0 := ⌈C0ξ
−2 log(8N 2T 3)⌉,

where C0 := max{1600,40(α0 + β0)}. Beyond this length, both deviations will be rare and the

prior’s effect on the Beta mean will be small.

We begin with the sampling deviation. For Y ∼ Beta(a, b) with a, b > 0, let m= a/(a+ b) and

represent Y = Ga/(Ga + Gb), where Ga ∼ Gamma(a,1) and Gb ∼ Gamma(b,1) are independent

with unit rate.

We first bound the upper tail. Let x∈ (m,1). The event Y ≥ x is equivalent to (1−x)Ga−xGb ≥

0. Choose s = (x−m)/(x(1− x)) > 0. The identities 1− s(1− x) = m/x > 0 and 1 + sx = (1−
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m)/(1−x)> 0 ensure that both Gamma moment generating functions are finite at the arguments

used below. On the event Y ≥ x, we have es((1−x)Ga−xGb) ≥ 1, so

P(Y ≥ x)
(a)

≤ E
[
es((1−x)Ga−xGb)

]
=E

[
es(1−x)Ga

]
E
[
e−sxGb

]
= (1− s(1−x))−a(1+ sx)−b

=
( x

m

)a
(
1−x

1−m

)b

= exp
(
−(a+ b)D(m∥x)

)
.

Inequality (a) follows from Chernoff’s bound. Independence gives the product of expectations,

and the Gamma moment generating functions give the next equality. The penultimate equality

substitutes the identities for s above. The last uses a= (a+ b)m and b= (a+ b)(1−m) to identify

the Bernoulli Kullback–Leibler divergence D defined in the proof of Lemma EC.2.

For x ∈ (0,m), the same choice has s < 0; applying Chernoff’s bound on the lower-tail event

Y ≤ x, equivalently (1−x)Ga−xGb ≤ 0, gives the corresponding bound.

For Bernoulli distributions, Pinsker’s inequality gives D(m∥x)≥ 2(m− x)2 for x ∈ (0,1). With

x=m+u or x=m−u, each nonempty tail is therefore bounded by exp(−2(a+ b)u2). Combining

the two tails, for every u> 0,

P(|Y −m|>u)≤ P(Y >m+u)+P(Y <m−u)≤ 2exp
(
−2(a+ b)u2

)
. (EC.13)

The first inequality is subadditivity, and the second uses the two one-sided bounds. The upper tail

is empty when m+u≥ 1, and the lower tail when m−u≤ 0.

We next control empirical deviations at every possible long prefix. Proposition EC.1 represents

each deterministic prefix by independent Bernoulli(θi) variables Zi,k ∈ {0,1} ⊂ [0,1]. Thus,

Pv

(
∃n∈ {n0, . . . , T − 1} : | 1

n

n∑
k=1

Zi,k− θi|> ξ/40

)
(a)

≤ 2T exp(−n0ξ
2/800)

(b)

≤ 1

4NT 2
. (EC.14)

Inequality (a) applies Hoeffding’s inequality at each deterministic prefix and a union bound over

at most T lengths, using n ≥ n0. The definition of n0, with C0 ≥ 1600, gives (b). If n0 ≥ T , the

index set is empty. Each product’s bound refers to its own marginal construction; summing these

probabilities does not require joint independence.

The mean of the Beta law in (EC.1) is the center of the concentration bound (EC.13). At a

prefix of length n≥ n0, its difference from the empirical frequency satisfies∣∣∣∣∣α0 +
∑n

k=1Zi,k

α0 +β0 +n
− 1

n

n∑
k=1

Zi,k

∣∣∣∣∣= |α0n− (α0 +β0)
∑n

k=1Zi,k|
n(α0 +β0 +n)

≤ α0 +β0

n
≤ ξ

40
. (EC.15)
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For the first inequality, 0 ≤
∑n

k=1Zi,k ≤ n places the expression inside the numerator’s absolute

value between −β0n and α0n. Hence, the numerator is at most (α0+β0)n, whereas the denominator

n(α0 +β0 +n) is at least n2. The last inequality follows from C0 ≥ 40(α0 +β0) and ξ ≤ 1/2.

On an accurate prefix, | 1
n

∑n

k=1Zi,k − θi| ≤ ξ/40. To compare the Beta mean with θi, insert the

empirical frequency:∣∣∣∣α0 +
∑n

k=1Zi,k

α0 +β0 +n
− θi

∣∣∣∣≤
∣∣∣∣∣α0 +

∑n

k=1Zi,k

α0 +β0 +n
− 1

n

n∑
k=1

Zi,k

∣∣∣∣∣+
∣∣∣∣∣ 1n

n∑
k=1

Zi,k− θi

∣∣∣∣∣≤ ξ

40
+

ξ

40
=

ξ

20
.

The first inequality is the triangle inequality. For the second, (EC.15) bounds the first term by

ξ/40, and prefix accuracy bounds the second by ξ/40.

We now relate attraction errors to deviations of the transformed draw. Since vi ≤ 1 and ξ ≤ 1/2,

|ṽi− vi|> ξ =⇒
∣∣∣∣ ṽi
1+ ṽi

− θi

∣∣∣∣> ξ/5.

Indeed, the endpoint differences are ξ/{(1+ vi)(1+ vi± ξ)}, whose denominators are at most five.

For an accurate prefix with ni,t ≥ n0, an attraction error places the transformed draw more than

ξ/5− ξ/20> ξ/10 from its Beta mean. At these realized counts, its conditional Beta law has total

shape α0 +β0 +ni,t ≥ ni,t, so (EC.13) gives

Pt(|ṽi,t− vi|> ξ)≤ 2e−ni,tξ
2/50 ≤ 2e−n0ξ

2/50 ≤ 1

8N 2T 3
(EC.16)

The last inequality follows from the definition of n0.

Step 2 (Counting Errors on Selected Coordinates). First consider selections made before a prod-

uct’s clock reaches n0. Conditional on Ft−1 and ṽt, the count and selected assortment are fixed.

Multiplying (EC.2) by 1{ni,t <n0} therefore bounds the conditional expectation of 1{i∈ St, ni,t <

n0, It ∈ {i,0}} from below by 1{i ∈ St, ni,t < n0}/(K + 1). Taking unconditional expectations by

the law of iterated expectations, summing over t, and rearranging gives

Ev

[
T∑

t=1

1{i∈ St, ni,t <n0}

]
≤ (K +1)Ev

[
T∑

t=1

1{i∈ St, ni,t <n0, It ∈ {i,0}}

]
≤ (K +1)n0. (EC.17)

The last inequality holds pathwise: each term inside the second sum advances the local count, so

at most n0 such terms can occur before it reaches n0.

For a fixed product, the event in (EC.14) includes every visit to a long, atypical empirical prefix.

On each path, at most T periods can be charged to this event. Its contribution is therefore at most

T/(4NT 2) per product, or 1/(4T ) after summing over products.
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On histories with a long, accurate prefix, (EC.16) bounds the conditional probability of sampling

error. Dropping the selection restriction, applying iterated expectations, and summing over the

NT product-period pairs gives a contribution of at most NT/(8N 2T 3) = 1/(8NT 2).

Every error on a selected coordinate belongs to one of these three categories. A union bound

and the estimates above give

Ev

[
T∑

t=1

1{∃i∈ St : |ṽi,t− vi|> ξ}

]
≤N(K +1)n0 +

1

4T
+

1

8NT 2
.

Since n0 ≤Cξ−2 log(eNT ) and N,T ≥ 1, this proves (4).

EC.4.1. Extension to Epoch Decisions

The independent conjugate epoch policy draws from (EC.1) at each epoch boundary and retains

the resulting assortment until an outside-option choice ends the epoch, or the horizon ends. The

next draw incorporates all purchases and the terminating outside choice. With α0 = β0 = 1, this is

Algorithm 1 of Agrawal et al. (2026), using the assortment oracle of Section 3.

Corollary EC.2 (Regret under the Epoch Clock). For v ∈ [vmin,1]
N and fixed α0, β0 >

0, the independent conjugate epoch policy satisfies the bound of Theorem 1, with C depending only

on (vmin, α0, β0).

The repair argument applies at each fresh draw. Its cost must be weighted by the time for which

the assortment is retained; only the accounting for durations and starting prefixes changes from

the proof of Theorem 1.

Proof of Corollary EC.2. Use the failed-repair events and odds from the proof of Theorem 1.

Let τℓ be the start of epoch ℓ and Lℓ its number of periods observed through T . All sums below

range over epochs with τℓ ≤ T , and
∑

ℓLℓ = T . An epoch start is determined by past customer

choices: {τℓ = t} ∈Ft−1. We apply the deterministic-time conditional sampling law and failed-repair

comparison (5) on each event {τℓ = t}, then sum over t to obtain the same conditional statements

for the fresh draw at τℓ.

An error at an epoch start persists for the time that the assortment is retained. To bound

this cost, condition on the boundary history and its draw. The assortment is then fixed, and the

untruncated duration is geometric with outside-choice probability (1+
∑

j∈Sτℓ
vj)

−1. Truncating at

T can only reduce its mean, so

Ev[Lℓ | Fτℓ−1, ṽτℓ ]≤ 1+
∑
j∈Sτℓ

vj ≤K +1. (EC.18)
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Let 0< ξ ≤ vmin/2. The failed-repair event Bi,τℓ(ξ) means that product i is repairable but omitted,

as defined in Step 1 of the theorem proof. Its indicator is fixed by the boundary history and draw,

so it can be taken outside the conditional expectation in (EC.18). Averaging over the draw by the

law of iterated expectations gives Ev[Lℓ1{Bi,τℓ(ξ)} | Fτℓ−1]≤ (K +1)Pv(Bi,τℓ(ξ) | Fτℓ−1).

Two epochs selecting product i cannot start at the same prefix. Before the later one begins, the

earlier epoch has ended with an outside comparison for i. All starting prefixes have length at most

T −1; the final incomplete epoch uses its starting prefix only once. For n= ni,τℓ , Proposition EC.1

and the scalar odds from Step 2 of the theorem proof give ωi,τℓ(ξ) = ωn(
∑n

k=1Zi,k, ϵi). Consequently,

Ev

[∑
ℓ

Lℓ1{Bi,τℓ(ξ)}

]
(a)

≤ (K +1)Ev

[∑
ℓ

1{Bi,τℓ(ξ)}

]
(b)

≤ (K +1)Ev

[∑
ℓ

ωi,τℓ(ξ)1{i∈ Sτℓ}

]
(c)

≤ (K +1)
T−1∑
n=0

Ev

[
ωn

(
n∑

k=1

Zi,k, ϵi

)]
(d)

≤ C(K +1)

ξ2
log(eT ).

Inequality (a) averages the conditional estimate above over boundary histories and sums over

epochs; (b) applies the failed-repair comparison (5). For (c), extend the nonnegative sum from

the distinct starting prefixes to all deterministic prefixes on each path, then take expectations.

Inequality (d) applies (EC.3) with ϵi ≥ ξ/4. Thus the factor K +1 accounts for duration, and no

additional factor is needed to pass from selected epochs to prefixes.

For selected-coordinate errors, retain the cutoff n0 ≤Cξ−2 log(eNT ) from the proof of Lemma 2.

A prefix is short when it has fewer than n0 comparisons; a longer prefix is accurate when

| 1
n

∑n

k=1Zi,k− θi| ≤ ξ/40. These distinctions give the same three contributions as in that lemma.

First, a product can be selected at most n0 epochs starting at a short prefix, because those

prefixes are distinct. By (EC.18), their total expected duration is at most (K +1)n0 per product.

Second, (EC.14) bounds the probability that any deterministic prefix of length n∈ {n0, . . . , T −1}

is atypical by 1/(4NT 2) per product. Outside this event, every adaptively visited long boundary

prefix is accurate. On any path, all epochs starting at long, atypical prefixes together last at most

T observed periods. Their contribution, summed over products, is therefore at most 1/(4T ). This

uses the pathwise duration bound, without conditioning epoch lengths on a future concentration

event.
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Third, at a long, accurate boundary prefix, (EC.16) bounds the conditional sampling-error prob-

ability by 1/(8N 2T 3). The conditioning argument used in (a) bounds the expected time spent in

this error by (K+1)/(8N2T 3) per product and epoch start. Summing over at most NT such pairs

gives (K +1)/(8NT 2)≤ 1/(4T 2), since K ≤N . Adding these three contributions yields

Ev

[∑
ℓ

Lℓ1{∃i∈ Sτℓ : |ṽi,τℓ − vi|> ξ}

]
≤N(K +1)n0 +

1

4T
+

1

4T 2
≤ CN(K +1)

ξ2
log(eNT )+C.

Each epoch keeps the revenue gap ∆τℓ fixed for its observed duration. For g ∈ (0,1], take

ξ = vming/4. If neither a selected-coordinate error nor a failed repair occurs at the epoch start,

Lemma 1(ii) gives ∆τℓ ≤ 2ξ/vmin = g/2. Hence a gap above g requires at least one of these errors.

Summing the failed-repair bound over the N products and adding the selected-error bound there-

fore gives (7) with
∑

ℓLℓ1{∆τℓ > g} in place of the period sum. This duration-weighted count

is also at most
∑

ℓLℓ = T , so the tail integration in Step 3 of the theorem proof completes the

argument.

EC.5. Bayesian Regret of the Exact-Posterior Policy

This section proves Lemma EC.3. It uses the notation of Section EC.3.2; throughout, Assumption 2

holds, and C > 0 may change from line to line and is numerical.

Proof of Lemma EC.3. Condition on the realized history through t− 1. We first bound the

curvature of the log-coordinate posterior; this will control its fluctuations in each pairwise direction.

Set u0 := 0 for the outside option. Under vi = eui , the prior–Jacobian factor is exp(α0ui − β0e
ui),

while observation τ in (8) contributes exp(1{Iτ ̸= 0}uIτ )/(1+
∑

j∈Sτ
euj ). Hence the negative log-

density ϕt of the posterior law of U on U satisfies

∇2ϕt(u)
(a)
= β0 diag(e

u1 , . . . , euN )+
t−1∑
τ=1

FSτ (e
u)

(b)

⪰ β0vminIN + vmin

t−1∑
τ=1

FSτ (1)
(c)
= vminHt. (EC.19)

The rate and log-denominator terms produce the diagonal and Fisher matrices in (a); the terms

involving α0 and the observed purchases are affine and disappear upon differentiation. The bound

eui ≥ vmin and the comparison (EC.5) give (b), while (c) uses the definition of Ht with κ= β0. In

particular, the curvature bound is independent of α0.

Since (EC.4) expresses every Fisher width through pairwise differences, we first obtain concen-

tration for a fixed pair 0≤ a< b≤N . Set ℓab := ea− eb and qab,t := ℓ⊤abH
−1
t ℓab. Since Ht ⪰ β0IN ≻ 0

and ℓab ̸= 0, we have qab,t > 0. The scale
√
qab,t will normalize the error for this pair.

For s ∈ R, define the centered log moment generating function Λab(s) := logEt[exp(sℓ
⊤
ab(U −

Et[U ]))]. Differentiating this function introduces the exponentially tilted posterior, whose density
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is proportional to exp(sℓ⊤abu − ϕt(u)); write Et,s and Vart,s for expectation and variance under

this law. Boundedness of U makes the normalizing constant positive and finite for every s ∈ R

and permits differentiation under the expectation, giving Λ′
ab(s) = Et,s[ℓ

⊤
abU ]−Et[ℓ

⊤
abU ]. A second

derivative gives the tilted variance in the display below.

The tilt adds only a linear term to the potential, so its Hessian remains ∇2ϕt. On the open convex

box U◦ = (log vmin,0)
N , the tilted potential is C2 and strictly convex by (EC.19). The boundary

has zero probability under the posterior and its tilted laws. The Brascamp–Lieb variance inequality

in Proposition 2.1 of Bobkov and Ledoux (2000) holds on open convex domains. With the linear

function ℓ⊤abu, it therefore gives

Λ′′
ab(s) =Vart,s(ℓ

⊤
abU)≤Et,s

[
ℓ⊤ab(∇2ϕt(U))−1ℓab

]
≤ v−1

minqab,t.

Inverting (EC.19) reverses the Loewner order, so (∇2ϕt(u))
−1 ⪯ v−1

minH
−1
t ; the quadratic form is

qab,t by definition, giving the last inequality. Since Λab(0) = Λ′
ab(0) = 0, Taylor’s theorem at zero

and the uniform bound on Λ′′
ab yield Λab(s)≤ s2v−1

minqab,t/2 for all s∈R.

Conditional on Ft−1, U and Ũt are independent draws from the same log-coordinate posterior.

Their centering terms cancel in the difference, and factoring their moment generating functions

gives

Et

[
exp

(
s
ℓ⊤ab(Ũt−U)
√
qab,t

)]
= exp

(
Λab

(
s

√
qab,t

)
+Λab

(
− s
√
qab,t

))
≤ exp(s2v−1

min).

Dividing by
√
qab,t has made the bound independent of the pair. To control all these normalized

errors simultaneously, set ht := Ũt−U and define

Zt := max
0≤a<b≤N

|ℓ⊤abht|√
qab,t

.

For u> 0, Chernoff’s inequality with s= vmin

√
u/2 bounds the upper-tail probability at level

√
u by

exp(−vminu/4); using −s gives the same lower-tail bound. Since Zt maximizes over the N(N +1)/2

unordered pairs, including the outside option, {Z2
t > u} is the union of these tails. Subadditivity

gives

Pt(Z
2
t >u)≤

∑
0≤a<b≤N

2e−vminu/4 =N(N +1)exp(−vminu/4).

To obtain the second moment, set z20 := 4v−1
min log(N(N+1)), the threshold at which this exponential

bound equals one. The tail-integration formula, using the probability bound one below z20 and the

exponential bound above it, yields

Et[Z
2
t ]≤ z20 +

∫ ∞

z20

N(N +1)e−vminu/4 du= 4v−1
min(1+ log(N(N +1)))≤Cv−1

min log(eN).
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The last inequality uses log(N(N +1))≤ 2 log(eN) and log(eN)≥ 1, proving the moment bound

in the statement.

It remains to translate the simultaneous pairwise control into the pathwise Fisher-width bound.

By definition, (ℓ⊤abht)
2 ≤Z2

t qab,t for every pair. Thus, for any feasible assortment S,

h⊤
t FS(1)ht =

∑
0≤a<b≤N
a,b∈S∪{0}

pa(S,1)pb(S,1)
(
ℓ⊤abht

)2 ≤Z2
t

∑
0≤a<b≤N
a,b∈S∪{0}

pa(S,1)pb(S,1) qab,t =Z2
t tr
(
H−1

t FS(1)
)
.

The first equality is (EC.4), and the nonnegative pair weights preserve the bound on each

squared displacement. The same pairwise identity gives the matrix representation FS(1) =∑
a<b:a,b∈S∪{0} pa(S,1)pb(S,1)ℓabℓ

⊤
ab. Substituting qab,t = tr(H−1

t ℓabℓ
⊤
ab) and using linearity of the

trace therefore gives the last equality. Since the same Zt controls all pairs, (EC.6) holds simultane-

ously for all feasible S, including the posterior-selected St, without an independence assumption.

EC.6. Covariance-Corrected Gamma Mean-Field Sampling

The corrected policy retains the mean-field recursion of Section 6 and adds two statistics: an

outside-comparison count to certify the sampling center, and a diagonal Fisher statistic to set its

variance. Its regret guarantee uses this certificate without requiring convergence of the raw means.

Section EC.6.3 then calibrates the corrected dispersion against the complete posterior on a fixed

assortment.

EC.6.1. Policy Construction

Mean-Field Recursion. The augmentation in Proposition 2 applies here with the truncation indi-

cators removed. Under a product approximation, taking the expected log density over the attraction

factors gives an Exponential exposure factor with rate 1 +
∑

j∈Sτ
µj. Its mean, (1 +

∑
j∈Sτ

µj)
−1,

is the exposure used by the filter. The online recursion freezes it at the means prevailing when the

assortment was offered, rather than revisiting past exposures as in batch variational updates.

Retain ai,t = α0 + Vi,t, bi,t = β0 + Υi,t, and µi,t = ai,t/bi,t. The updates in Algorithm 3 imply

µi,t+1−µi,t = (1{It = i}− pi(St, µt))/(bi,t + p0(St, µt)) for i∈ St, using pi(St, µt) = µi,tp0(St, µt). Its

numerator is the MNL log-likelihood score in coordinate log vi. The certificate below controls the

sampling center derived from this recursion.

Certified Sampling Center. Use the counts Vi,t and Ni,t from the clock construction, where

Ni,t counts outside choices while i was offered. Thus ni,t = Vi,t +Ni,t is the retained-prefix length

and θi = vi/(1 + vi). Let θmin := vmin/(1 + vmin) and hn :=
√
log(2NT 2)/(2n) for n ≥ 1. When

ni,t ≥ 1, intersect [Vi,t/ni,t−hni,t
, Vi,t/ni,t+hni,t

] with [θmin,1/2], and transform each endpoint x to
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x/(1− x). Denote the resulting interval by Ci,t = [ℓi,t, ui,t]; if the intersection is empty or ni,t = 0,

set Ci,t = [vmin,1]. Define

mi,t :=min{1,projCi,t
(µi,t)+ui,t− ℓi,t}. (EC.20)

The projection belongs to [ℓi,t, ui,t], so adding the width gives a value between ui,t and 2ui,t− ℓi,t.

Consequently, whenever vi ∈Ci,t,

vi ≤mi,t ≤ vi +2(ui,t− ℓi,t). (EC.21)

Capping at one preserves both bounds because vi ≤ 1.

Fisher Statistic and Sampling Law. For a nonempty assortment S ∈ S and attraction vector x∈

RN
++, let pS = (pi(S,x))i∈S. The S×S block of the log-coordinate Fisher information is diag(pS)−

pSp
⊤
S . Since

∑
i∈S pi(S,x) = 1− p0(S,x), Cauchy–Schwarz gives (p⊤S z)

2 ≤ (1− p0(S,x))z
⊤ diag(pS)z

for every z ∈R|S|, and hence

p0(S,x)diag(pS)⪯ diag(pS)− pSp
⊤
S ⪯ diag(pS).

The inverse of the lower matrix dominates the inverse Fisher information on the offered coordinates.

This motivates accumulating p0(S,x)pi(S,x) as the information available for an independent draw

of product i.

Evaluate these probabilities at the certified center mt, so that pi(St,mt) = mi,tp0(St,mt) for

i∈ St. For fixed λ0 ≥ c≥ 1, set

Ji,t := λ0 +
∑

τ<t:i∈Sτ

p0(Sτ ,mτ )pi(Sτ ,mτ ), ṽi,t | Ft−1 ∼Gamma

(
Ji,t

c
,
Ji,t

cmi,t

)
(EC.22)

independently across products, using shape and rate. The conditional mean is mi,t and the variance

is cm2
i,t/Ji,t.

The four stored statistics are (ai, bi,Ni, Ji); the mean µi = ai/bi is derived from them. Both

updates use probabilities evaluated before the choice. Updating these statistics costs O(|St|) and

does not revisit the history.

EC.6.2. Regret Bound

Proof of Theorem 3. We use the one-coordinate repair argument of Theorem 1. An appreciable

revenue loss requires either an inaccurate selected draw or a repairable product that remains

unselected. Both failures can be charged to selections before the clock or Fisher statistic reaches a

concentration threshold, apart from rare sampling errors.
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Algorithm 4 Covariance-Corrected Gamma Mean-Field Thompson Sampling

1: Input: horizon T , capacity K, revenues {ri}Ni=1, prior (α0, β0), lower bound vmin, and constants λ0 ≥

c≥ 1.

2: Initialize: ai← α0, bi← β0, Ni← 0, Ji← λ0, and µi← ai/bi, ∀i∈N .

3: for t= 1, . . . , T do

4: Construct Ci = [ℓi, ui] from Vi = ai−α0 and ni = Vi +Ni, and compute mi from (EC.20), ∀i∈N .

5: Draw ṽi ∼Gamma(Ji/c, Ji/(cmi)) independently, ∀i∈N , and offer St← S∗(ṽ).

6: Set p̂0← p0(St, µ) and evaluate p0(St,m) once; then observe It ∈ St ∪{0}.

7: For each i ∈ St, update ai ← ai + 1{It = i}, bi ← bi + p̂0, Ni ← Ni + 1{It = 0}, Ji ← Ji +

p0(St,m)pi(St,m), and µi← ai/bi.

8: end for

Throughout, Pt and Et condition on Ft−1 under the fixed true vector v. Constants C may change

from line to line and depend only on vmin. Let 0< ξ ≤ vmin/2 be an attraction-error tolerance.

Step 1 (Coverage and Short Clocks). Recall that hn =
√
log(2NT 2)/(2n), for n≥ 1, is the confidence

radius for the empirical comparison frequency. Let Ct be the history event that |Vi,t/ni,t − θi| ≤

hni,t
for every product with ni,t ≥ 1. Proposition EC.1 represents each count by a prefix of inde-

pendent Bernoulli variables in [0,1]. Hoeffding’s inequality gives Pv(|n−1
∑n

k=1Zi,k − θi| > hn) ≤

2exp(−2nh2
n) = 1/(NT 2) for every deterministic 1 ≤ n ≤ T . Failure of Ct at any period implies

failure at one of these NT product-prefix pairs. A union bound gives

Pv

(
T⋃

t=1

Cct

)
≤

N∑
i=1

T∑
n=1

Pv

(∣∣∣∣∣n−1

n∑
k=1

Zi,k− θi

∣∣∣∣∣>hn

)
≤ NT

NT 2
=

1

T
. (EC.23)

Consequently,
∑T

t=1 Pv(Cct ) ≤ TPv(
⋃T

t=1 Cct ) ≤ 1. The union uses deterministic prefixes from each

product’s marginal construction, without conditioning their binomial law on an adaptive count.

On Ct, a product with ni,t ≥ 1 has θi in both its empirical interval and [θmin,1/2]. The construction

of Ci,t therefore gives vi = θi/(1− θi)∈Ci,t. At zero comparisons, the fallback interval [vmin,1] also

contains vi. Hence (EC.21) gives mi,t ≥ vi.

Still on Ct, consider the transformation x/(1− x) from comparison probabilities to attractions.

Its derivative is 1/(1 − x)2 ≤ 4 on [0,1/2]. For ni,t ≥ 1, the intersected probability interval has

width at most 2hni,t
. The mean value theorem therefore gives ui,t − ℓi,t ≤ 4(2hni,t

) = 8hni,t
, and

the center bound yields mi,t − vi ≤ 2(ui,t − ℓi,t) ≤ 16hni,t
. Thus, with nξ := ⌈512 log(2NT 2)/ξ2⌉,

reaching ni,t ≥ nξ ensures 0≤mi,t− vi ≤ ξ/2 on Ct.
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The counting argument for (EC.17) uses only the tick probability in (EC.2) and the fact that at

most n0 ticks occur before the cutoff. It therefore applies to this policy with any positive integer

cutoff; taking n0 = nξ gives

Ev

[
T∑

t=1

1{i∈ St, ni,t <nξ}

]
≤ (K +1)nξ. (EC.24)

Step 2 (Gamma Deviations and Repair Probabilities). We first control relative deviations of Gk ∼

Gamma(k,1) from its mean k, where k > 0 and the rate is one. Its moment generating function is

E[esGk ] = (1− s)−k for s < 1. Let 0< δ ≤ 1/4. For the upper tail, choose s= δ/(1+ δ) ∈ (0,1). On

Gk ≥ k(1+ δ), the exponential satisfies esGk ≥ esk(1+δ), so

P(Gk ≥ k(1+ δ))
(a)

≤ e−sk(1+δ)E[esGk ] = exp
(
−sk(1+ δ)− k log(1− s)

)
= exp

(
−k(δ− log(1+ δ))

)
.

Inequality (a) is Chernoff’s bound. The first equality uses the Gamma moment generating function,

and the last substitutes s(1+ δ) = δ and 1− s= 1/(1+ δ).

For the lower tail, choose s=−δ/(1− δ)< 0. The sign of s ensures that Gk ≤ k(1− δ) implies

esGk ≥ esk(1−δ). The same exponential comparison therefore gives P(Gk ≤ k(1− δ))≤ exp
(
−k(−δ−

log(1− δ))
)
.

We next bound the exponent terms below by quadratic functions of δ. For the upper tail,

δ− log(1+ δ) =

∫ δ

0

u

1+u
du≥ 1

1+ δ

∫ δ

0

udu=
δ2

2(1+ δ)
≥ δ2

3
.

The first inequality uses 1 + u≤ 1 + δ for u ∈ [0, δ], and the last uses δ ≤ 1/4. For the lower tail,

−δ− log(1− δ) =
∫ δ

0
u/(1− u)du≥

∫ δ

0
udu= δ2/2, since 1− u≤ 1. Combining the two tail bounds

by subadditivity yields

P(|Gk− k|>kδ)≤ e−kδ2/3 + e−kδ2/2 ≤ 2e−kδ2/3.

We now apply this relative-deviation bound to the policy’s draw. Conditional on Ft−1, the policy

draws ṽi,t =mi,tGk/k with k= Ji,t/c. Since |ṽi,t−mi,t|= (mi,t/k)|Gk−k|, the event |ṽi,t−mi,t|> ξ/2

is equivalent to |Gk− k|> kδ with δ= ξ/(2mi,t). The bounds mi,t ∈ [vmin,1] and ξ ≤ vmin/2 ensure

δ ∈ [ξ/2,1/4], as required.

To make this error probability at most 1/(NT 2), set jξ := 12c log(2NT 2)/ξ2. On a history with

Ji,t ≥ jξ, the relative-deviation bound gives

Pt(|ṽi,t−mi,t|> ξ/2)≤ 2e−kδ2/3 ≤ 2exp

(
−Ji,tξ

2

12c

)
≤ 1

NT 2
. (EC.25)
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The second inequality uses k= Ji,t/c and δ≥ ξ/2; the last follows from the definition of jξ.

We now count selections before this Fisher threshold is reached. By the definition of Ji,t in

(EC.22), offering product i adds p0(St,mt)pi(St,mt) to its Fisher statistic. Substituting the fitted

choice probabilities gives

Ji,t+1−Ji,t = p0(St,mt)pi(St,mt) =
mi,t

(1+
∑

j∈St
mj,t)2

≥ vmin

(K +1)2
,

using mi,t ≥ vmin, mj,t ≤ 1, and |St| ≤K. Dividing the threshold by this minimum increment, with

one additional selection allowed to cross it, gives the pathwise count

T∑
t=1

1{i∈ St, Ji,t < jξ} ≤ 1+
(K +1)2jξ

vmin

. (EC.26)

We next bound the probability that a repairable product remains unselected. As in the proof

of Theorem 1, let Bi,t(ξ) := {ṽ−i,t ∈ Di(ξ), i /∈ St} denote this event. For the Gamma draws, let

qi,t(ξ) := Pt(ṽi,t ≥ vi − ξ). The shape Ji,t/c ≥ λ0/c ≥ 1 makes the Gamma density log-concave.

Lemma 5.4 in the authors’ version of Lovász and Vempala (2007) gives probability at least e−1

above its mean. Since mi,t ≥ vi on Ct, we have qi,t(ξ) ≥ e−1 there. The comparison (5) uses only

conditional independence and Lemma 1(i). Applying it to these draws on a history in Ct gives

Pt(Bi,t(ξ))≤
1− qi,t(ξ)

qi,t(ξ)
Pt(i∈ St)≤ (e− 1)Pt(i∈ St). (EC.27)

Step 3 (Counting and Integrating Revenue Gaps). Let ∆t := R∗ −R(St, v) ∈ [0,1]. For g ∈ (0,1],

choose ξ = vming/4. Lemma 1(ii) implies that ∆t > g requires a selected-coordinate error larger

than ξ or a failed repair: in their absence, ∆t ≤ 2ξ/vmin = g/2.

Both failures can be controlled outside a common exceptional event. Let Et(ξ) := {∃i∈N : Ji,t ≥
jξ, |ṽi,t−mi,t|> ξ/2}. By (EC.25) and a union bound, Pt(Et(ξ))≤ 1/T 2.

On a history in Ct, consider draws outside Et(ξ). A selected-coordinate error requires ni,t < nξ

or Ji,t < jξ: otherwise, the center bound from Step 1 and the triangle inequality give |ṽi,t − vi| ≤
|ṽi,t−mi,t|+ |mi,t−vi| ≤ ξ/2+ ξ/2 = ξ. A failed repair must also have Ji,t < jξ. Indeed, Lemma 1(i)

implies ṽi,t < vi− ξ ≤mi,t− ξ, which would put the draw in Et(ξ) if Ji,t ≥ jξ.

The selected-error contribution is therefore bounded by the probabilities of selecting products

below either threshold. For each product with Ji,t < jξ, (EC.27) bounds the failed-repair probability

by e− 1 times its selection probability. For a history in Ct, adding these contributions and the

common exceptional probability gives

Pt(∆t > g)≤
∑

i∈N :ni,t<nξ

Pt(i∈ St)+ e
∑

i∈N :Ji,t<jξ

Pt(i∈ St)+
1

T 2
.
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The coefficient e= 1+(e− 1) combines the selected-error contribution and the repair comparison.

We now count large gaps over time, separating histories in Ct from those outside it. The coverage

event and both threshold conditions are measurable before the draw, so the conditional selection

probabilities can be converted into expected counts by the law of iterated expectations. Summing

over periods gives

Ev

[
T∑

t=1

1{∆t > g}

]
(a)

≤ Ev

[
T∑

t=1

∑
i∈St

(
1{ni,t <nξ}+ e1{Ji,t < jξ}

)]
+

1

T
+1

(b)

≤ N(K +1)nξ + eN

(
1+

(K +1)2jξ
vmin

)
+

1

T
+1

(c)

≤ N log(2NT 2)

ξ2

(
512(K +1)+

12ec(K +1)2

vmin

)
+N(K +1+ e)+ 2

(d)

≤ CcNK2 log(2NT 2)

g2
+C.

In (a), removing 1{Ct} increases the nonnegative selection counts. The exceptional draws contribute

at most T/T 2 = 1/T , and (EC.23) gives
∑T

t=1 Pv(Cct )≤ 1. Inequality (b) applies (EC.24) and (EC.26)

to each product. Inequality (c) substitutes the thresholds, using ⌈x⌉ ≤ x+1 and 1/T ≤ 1. Inequality

(d) uses ξ = vming/4 and K+1≤ 2K. The residual N(K+1+ e) is absorbed into the leading term

because c≥ 1, g≤ 1, and log(2NT 2)≥ log 2; the constant depends only on vmin.

Combining this estimate with the trivial count bound T gives Ev[
∑T

t=1 1{∆t > g}] ≤
min{T,CcNK2 log(2NT 2)/g2}+C. Integrate this bound as in Step 3 of the proof of Theorem 1.

The change of variable g=K
√
cN log(2NT 2)/T u and

∫∞
0

min{1, u−2}du= 2 give

Reg(T, v) =

∫ 1

0

Ev

[
T∑

t=1

1{∆t > g}

]
dg≤CK

√
cNT log(2NT 2)+C.

EC.6.3. Fixed-Assortment Calibration

The regret bound is now proved. This subsection asks a separate question: what the covariance

correction does to the sampling law itself. It derives the three leading covariance expressions quoted

in Section 6.2 of the main text, for Algorithm 3 as it stands, for the corrected draw, and for the

complete posterior. A single assortment offered in every period, as T grows, is the one regime where

all three admit a closed form and can be set side by side. The comparison shows what the correction

buys, namely a dispersion that dominates the posterior’s once c≥ 1, and what no product-wise law

can reproduce, namely the rank-one coupling vSv
⊤
S among the products displayed together. None

of it enters the proof of Theorem 3.

Let S be a nonempty assortment offered in every period, keep N,S, c,λ0, α0, β0 fixed, and let

T →∞. Write vS = (vi)i∈S and assume vi ∈ (vmin,1) on S for the comparison with the complete
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posterior. The raw-filter calculation also assumes convergence of its means. All covariances below

condition on the observed history.

First, any finite limits µ̄i of the raw means must equal vi. Indeed, the law of large numbers

for purchases and the frozen-exposure update give µ̄i = pi(S,v)(1+
∑

j∈S µ̄j). Summing over i∈ S
yields

∑
i∈S µ̄i =

∑
i∈S vi, and substitution gives µ̄i = vi. Since ai,T/T → pi(S,v), the raw sampling

variance is µ2
i,T/ai,T = vi(1+

∑
j∈S vj)/T + oP(T

−1).

The corrected law does not need this convergence assumption. The clock law gives ni,t/t→
(1 + vi)/(1 +

∑
j∈S vj) and Vi,t/ni,t→ θi almost surely. For every fixed ε ∈ (0,1), the radii satisfy

hni,t
= O(

√
logT/T ) uniformly over εT ≤ t ≤ T . Interiority makes the intersections nonempty

eventually, so their endpoints and the certified centers converge uniformly to vi on these periods.

By continuity of the fitted choice probabilities, the increments p0(S,mt)pi(S,mt) also converge

uniformly to p0(S,v)pi(S,v) over these periods. Thus, for each fixed ε∈ (0,1),

1

T

T−1∑
t=⌈εT⌉

p0(S,mt)pi(S,mt)−→ (1− ε)p0(S,v)pi(S,v).

The remaining fewer than εT increments are each at most 1/4, so their contribution to Ji,T/T lies

between zero and ε/4; the initial term λ0/T vanishes. Taking T →∞ at fixed ε, and then ε ↓ 0,
gives Ji,T/T → p0(S,v)pi(S,v). Consequently,

cm2
i,T

Ji,T

=
cvi(1+

∑
j∈S vj)

2

T
+ oP(T

−1).

Independence makes both sampling covariance matrices diagonal. Their variance ratio tends to

c(1+
∑

j∈S vj) whenever the raw means converge.

For the complete posterior, interiority places vS inside the parameter box, so the leading covari-

ance follows from an expansion of the posterior moments in the fixed-dimensional multinomial

model. Work in the coordinates ui = log vi, i ∈ S. Three conditions support the expansion. First,

the negative log-likelihood Hessian per observation is bounded below by vmin(1 + |S|)−2I on the

box, so the posterior has uniform curvature there. Second, the likelihood maximizer on S converges

to vS, and the transformed Gamma prior is smooth and positive in a neighborhood of that limit.

Third, the same curvature bound controls the posterior mass outside that neighborhood. Under

these conditions, Kass et al. (1990, Theorem 4, equation (2.6)), applied to the functions eui and

eui+uj , expands the first two posterior moments, and subtracting the products of the posterior

means leaves the inverse Fisher information at vS. In attraction coordinates that information is

IS(vS) = p0(S,v)diag(vS)
−1− p0(S,v)

211⊤. Inverting this matrix yields

CovπT
(vS) =

IS(vS)−1

T
+ oP(T

−1) =
1+

∑
i∈S vi

T

(
diag(vS)+ vSv

⊤
S

)
+ oP(T

−1).
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Using only the T −1 observations available before period T changes none of these first-order terms.

Two comparisons follow. First, Cauchy–Schwarz gives vSv
⊤
S ⪯ (

∑
i∈S vi)diag(vS), so for c≥ 1 the

corrected covariance dominates that of the complete posterior in the Loewner order. Second, the

leading variance of the aggregate attraction
∑

i∈S vi is 1
⊤Cov1, which is the sum of the diagonal

entries for the diagonal corrected law and the sum of all entries for the complete posterior. At c= 1

both equal T−1(1+
∑

i∈S vi)
2
∑

i∈S vi.


	Introduction
	Literature Review
	Problem Formulation
	Asynchronous Clocks and Independent BetaPrime Sampling
	The Asynchronous Clock Policy
	One-Coordinate Repair and the Regret Bound
	Proof of Theorem 1

	Sampling from the Complete MNL Posterior
	The Full-likelihood Thompson Sampling Policy
	Bayesian Regret Bound
	Proof of Theorem 2

	Mean-Field Filtering
	The Mean-Field Filtering Policy
	Regret Bound for a Covariance-Corrected Variant

	Numerical Results
	Experimental Design
	Implementation and Calibration
	Baseline Comparison
	Structural Stress Tests
	Scaling with the Number of Products and Capacity

	Concluding Remarks
	BetaPrime Conjugacy for Asynchronous Clocks
	The Augmented MNL Posterior
	Regret Analysis
	Asynchronous-Clock Policy
	Full-Likelihood Policy

	Auxiliary Results for Asynchronous Clocks
	Extension to Epoch Decisions

	Bayesian Regret of the Exact-Posterior Policy
	Covariance-Corrected Gamma Mean-Field Sampling
	Policy Construction
	Regret Bound
	Fixed-Assortment Calibration


