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We study a sequential stochastic shortest-path interdiction problem in which an interdictor repeatedly
blocks arcs to increase an evader’s routing cost. Each period, a cost vector is drawn from a fixed, unknown
distribution, and the evader observes the realized costs before routing; the interdictor observes only the
evader’s chosen path. We derive an instance-dependent logarithmic regret lower bound, computed through
a semi-infinite information-allocation problem that admits an exact finite exponential-cone reformulation
under regularity conditions. This informational censoring creates observational equivalence: distinct cost
distributions can induce identical path observations under some interdiction actions. The resulting domi-
nated information property means the actions needed to distinguish confounded environments are inferior
in expected value, so pure posterior sampling and value-optimistic rules can fail to learn all relevant alterna-
tives and incur linear regret. We propose Identifying-Exploration Greedy policies, which deliberately sample
an identifying action set and achieve logarithmic regret on identifiable instances with a positive optimality
gap. Experiments on constructed instances, generated networks, and a border-infiltration case study show
when path-only learning succeeds, when it fails, and why deliberate information acquisition is essential for

logarithmic regret.
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1. Introduction

Motivation and Objective. In the security and defense context, interdiction denotes actions
that block or degrade an adversary’s use of a network, and it is a recurring tool against smuggling,
trafficking, and other illicit routing activity that exploits transportation infrastructure (Steinrauf
1991, Gift 2010). These settings routinely pit an interdictor against an adversary who routes
through a network, and the adversary (follower/evader) typically holds an informational advantage
over the interdictor (leader): evaders, such as smugglers or other illicit actors, operate on the
ground and observe the realized, day-to-day conditions of the network, i.e., its realized costs,
before selecting a route. The interdictor, operating remotely or with limited surveillance capability,
observes only the path traversed by the evader, and sees neither the realized costs nor the latent

scenario that produced the evader’s choice.
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Motivated by these settings, in this paper we consider a sequential shortest path interdiction
problem where the costs of using the network change over time. The interdictor does not know the
underlying distribution generating the costs nor directly observes these costs; he/she only observes
the paths selected by the evader (an informational regime we refer to as path-only feedback). By
learning from the paths used by the evader, the interdictor seeks to sequentially reallocate the
interdiction resources to maximize the evader’s costs.

Shortest-path interdiction is a particular case of network interdiction, a class of problems studied

extensively in the operations research literature; see Smith and Song (2020) for a survey. The
original models consider a single-period interaction in which all parameters are deterministic and
known to both agents (Fulkerson and Harding 1977, Malik et al. 1989); over the last decades, various
extensions have introduced realistic features into these models (Cormican et al. 1998, Bayrak and
Bailey 2008, Borrero et al. 2016, Kosmas et al. 2023). In the taxonomy of Smith and Song (2020),
our evader is a wait-and-see follower, who observes the realization of the network’s uncertainty
before acting; we study the complementary side of that interaction, namely what an interdictor who
does not share this advantage, and observes only the follower’s realized route, can learn and exploit
over repeated play. This paper studies stochastic sequential settings under path-only feedback and
the challenges that this restricted observation structure creates.
Model and Research Question. We formulate this periodic interaction as a multi-armed bandit
with combinatorial actions and a bilevel structure. In each period, the leader interacts with an
evader in a known graph, whose costs are random variables, independent and identically distributed
across periods. We assume that the leader acts first by blocking a subset of arcs. Subsequently, the
evader, aware of the realized cost vector for that period, traverses the shortest path between two
known nodes in the interdicted graph. The cost incurred by the evader is the leader’s per-period
payoff. To isolate the informational challenge, we assume the cost distribution has a finite, known
support; the true probability mass function remains unknown to the leader.

Path-only feedback raises a basic question: how much must an interdictor explore, and which
actions must it play to learn an unknown adversary when it observes only the route taken, and
not the costs that produced it? We ask what performance is information-theoretically achievable
in this regime; whether standard learning rules attain it; and how the answer changes when the
realized costs are also observed.

Main Contributions. Our contributions, summarized in Table 1, are fourfold:

First, we formulate the sequential shortest path interdiction problem with path-only feedback
and establish an instance-dependent limit on any policy consistent over the relevant model class.
Following Lai and Robbins (1985), we show that limited feedback induces identifiability failures: dis-

tinct latent cost distributions can be observationally equivalent under certain interdiction actions.
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Table 1 Summary of main results. Regret is measured against the full-information oracle over the planning
horizon; rates are stated informally, omitting constants and lower-order factors. Under path-only feedback the leader

observes only the evader’s route, whereas under full feedback it also observes the realized costs.

Feedback Policy / guarantee Regret Section
Path-only Lower bound (any consistent policy) Instance-dependent logarithmic floor 4
Full Thompson sampling Gap-free square-root rate 5
Path-only Pure Thompson sampling / no diagnostic sampling Linear 5,6
Path-only Identifying-Exploration Greedy Logarithmic 6

We derive a logarithmic regret lower bound through a semi-infinite Lower Bound Problem (LBP),
which prices the least costly asymptotic information allocation that a consistent policy must match
against regret-relevant alternatives. For the full-simplex model class, local path-identifiability and
a relative Slater condition further yield an exact finite exponential-cone reformulation.

Second, we isolate the central obstruction of the path-only feedback regime: dominated informa-
tion. The interdiction actions required to distinguish between statistically confounded environments
may be strictly dominated in expected value. On a three-path instance, pure Thompson sam-
pling (Thompson 1933) incurs linear regret because it never selects the diagnostic actions, i.e., the
interdiction actions whose feedback can distinguish two different underlying distributions. More
generally, every policy that avoids those actions has linear worst-case regret across two observa-
tionally confounded environments. This includes pure value-optimistic rules when their selection
mechanism never forces diagnostic sampling.

Third, we provide a self-contained full-feedback benchmark that isolates the role of censoring.
When the interdictor observes the realized scenario, every period yields a draw from the latent
distribution itself, so each observation updates the value of every action regardless of which one
was played: the action-dependent information-acquisition problem disappears while the interdiction
problem does not. This benchmark has the standard gap-free square-root horizon dependence, and
full-feedback Thompson sampling matches it up to constants determined by the payoff geometry.
The contrast with the linear regret above pinpoints the cost of path-only feedback.

Fourth, to break the dominated-information trap, we design the Identifying-Exploration Greedy
Policy. By deliberately forcing exploration on an identifying set of actions (i.e., actions that can dis-
tinguish confounded environments), this policy sacrifices short-term value to recover the latent cost
distribution. For a fixed identifiable instance with a positive optimality gap, we prove a logarith-
mic regret guarantee when the exploration multiplier is sufficiently large. The required threshold
depends on the unknown instance, so the guarantee is an instance-dependent sufficiency result
rather than a uniformly tuned policy.

Main Takeaways. For an interdictor who sees only the evader’s route, the analysis yields three

guidelines: do not learn solely by blocking whatever currently looks most damaging, since the
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actions that reveal how the adversary behaves are precisely the unattractive ones; budget delib-
erate probes, which cost immediate value but keep the cumulative loss logarithmic on identifiable
instances; and treat surveillance that reveals realized costs as purchasable performance, since it
restores the standard square-root worst-case loss.

Organization of the Manuscript. Section 2 reviews the relevant literature, and Section 3 formu-
lates the sequential shortest-path interdiction model under path-only feedback. Section 4 derives a
lower bound for every consistent policy and introduces the running example on which dominated
information is defined. Section 5 studies posterior sampling under path-only feedback: it establishes
the full-feedback benchmark, characterizes the censored posterior and its Gibbs implementation,
and shows that Thompson sampling can incur regret that grows linearly with the horizon. Section 6
develops an identifying-exploration policy with an instance-dependent logarithmic guarantee, and
Section 7 reduces the semi-infinite lower-bound problem to an exact finite exponential-cone pro-
gram for the full-simplex model class, making its constant computable. Section 8 reports numerical
experiments, and Section 9 concludes. All proofs are in the Electronic Companion.

Notation. For n € N, we write [n]:={1,...,n}. The symbol 1{-} denotes the indicator function.
We denote by A™! the probability simplex in R™, where m is the number of cost scenarios.
All random elements are defined on a common probability space (2, F,P). The relative entropy
(Kullback—Leibler divergence) between two distributions is denoted D(-||-), with the conventions
0log(0/z) =0 for x >0 and xlog(z/0) = 400 for x > 0. For two distributions u,v, we write pu < v
when g is absolutely continuous with respect to v. For a convex set X, relint(X’) denotes its relative
interior and |X'| denotes the cardinality of a finite set X'. Vectors are column vectors unless stated

otherwise, and 1 is the all-ones vector of appropriate dimension.

2. Literature Review

Our work builds on, and contributes to, the network interdiction and multi-armed bandit litera-
tures. We position it relative to both.
Network Interdiction. In classical shortest path interdiction (Fulkerson and Harding 1977) and
max flow interdiction (McMasters and Mustin 1970, Ghare et al. 1971), a leader aims to maximally
disrupt a follower’s flow through a network. While the original single-stage deterministic interdic-
tion problems are strongly NP-complete (Ball et al. 1989, Wood 1993), integer programming-based
solution approaches are frequently viable in practice (Wood 1993, Israeli and Wood 2002). For a
comprehensive survey on deterministic network interdiction, see Smith and Song (2020).

Many works have relaxed the deterministic nature of the classical setup to incorporate various
forms of uncertainty. Extensions include settings where the effectiveness of the interdiction effort is

uncertain (Cormican et al. 1998, Morton 2010, Kang and Bansal 2023), settings where the network
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topology is not known upfront (Hemmecke et al. 2003), and environments where the leader and
evader face asymmetric costs (Bayrak and Bailey 2008). More recently, there has been a focus
on asymmetric stochastic interdiction where the leader maximizes the expected or conditional
value-at-risk of the evader’s cost (Nguyen and Smith 2022, 2024), as well as robust optimization
approaches to handle the evader’s lack of knowledge (Azizi and Seifi 2024).

Sequential Interdiction & Incomplete Information. Our problem is closely tied to multi-
period network interdiction, which has traditionally been studied in deterministic settings where
agents interact repeatedly over time (Malaviya et al. 2012, Sefair and Smith 2016, Soleimani-Alyar
and Ghaffari-Hadigheh 2017). Extending this to incomplete information, Borrero et al. (2016)
introduced a sequential shortest-path interdiction setting where the leader must learn deterministic
network costs by observing the evader’s responses over time, casting repeated interdiction as an
online-optimization problem that must balance exploiting the current best action against exploring
to improve future decisions—the exploration-exploitation trade-off familiar from the multi-armed
bandit literature (Smith and Song 2020). Subsequent research has explored limited forms of feed-
back (Borrero et al. 2019, Yang et al. 2021), differing cost structures between agents (Borrero et al.
2022), and strategic evaders (Ketkov and Prokopyev 2020). We contribute by giving path-only feed-
back, the regime in which the interdictor’s information is most restricted, a formal regret-theoretic
treatment, addressing the need—noted by Smith and Song (2020)—for defense strategies that learn
from limited, realized feedback rather than from complete problem knowledge.

Closest to our setting is the recent work of Borrero et al. (2025), who study stochastic sequential
shortest-path interdiction. Their model differs from ours in what each agent observes, and it does
so on both sides of the interaction. First, their leader receives semi-bandit feedback: it observes
the path chosen by the evader together with the realized costs of the traversed arcs. Second,
their evader never sees cost realizations and routes according to expected costs. We invert both
assumptions: our evader observes the realized cost vector before routing, while our leader observes
only the resulting path—the path-only (or censored) regime. The evader’s route is therefore the
leader’s sole channel of information about the latent costs, which changes both the regret that can
be achieved and the structure of the policies that achieve it.

Multi-Armed Bandits & Partial Monitoring. Viewing each interdiction action as an arm, our
sequential setting can be cast as a multi-armed bandit problem (Thompson 1933, Robbins 1952).
Because actions are subsets of the graph’s arcs, our problem connects to the combinatorial bandit
literature (Cesa-Bianchi and Lugosi 2012, Gai et al. 2012, Modaresi et al. 2020). Asymptotically
efficient bandit policies sample suboptimal arms at a logarithmic rate (Lai and Robbins 1985,

Auer et al. 2002). Our full-feedback benchmark follows the corresponding minimax and Thompson



Borrero, Sauré and Vidal-Romero: Stochastic Shortest Path Interdiction with Path-Only Feedback
6 Operations Research 00(0), pp. 000-000, © 0000 INFORMS

sampling theory; see Bubeck and Cesa-Bianchi (2012) for general bandit regret theory and Agrawal
and Goyal (2013) for problem-independent Thompson bounds.

Path-only feedback instead places the problem within partial monitoring, whose general theory
classifies worst-case regret through global and local observability (Bartok et al. 2014, Lattimore
and Szepesvari 2020). We ask a complementary, instance-dependent question in the Lai-Robbins
tradition rather than assigning the entire game to one minimax class.

Which form of observational equivalence holds matters. If distributions with disjoint optimal-
action sets are observationally equivalent under every action, linear worst-case regret is unavoid-
able. If they agree only under the actions value-driven policies favor, the separating actions exist but
are strictly suboptimal—dominated information—so posterior sampling and optimistic rules incur
linear regret where forced exploration does not. We adapt Lai and Robbins (1985) and Modaresi

et al. (2020) to obtain a Lower Bound Problem and propose a policy for path-feedback setting.

3. Model Formulation

This section formulates the sequential shortest-path interdiction problem under path-only feedback,
describing in turn the network, the agents, the timing of the interaction, the information available
to the leader, the full-information benchmark, and the performance measure.

Model Primitives. We consider a directed graph G = (N, A) with node set ' = [n], designated
source node 1, and sink node n. Two agents, an interdictor (or leader) and an evader, interact over
a finite horizon of T periods. The interdictor’s goal is to disrupt the evader’s routing by blocking
arcs; the evader, in turn, seeks the cheapest available route.

In each period t € [T], the leader selects an interdiction action B' from the feasible set
B:={BCA:|B|<K},

where K € N is the interdiction budget, the maximum number of arcs the interdictor can block
simultaneously. We assume throughout that every feasible interdiction leaves at least one directed
path from the source 1 to the sink n, so the evader always has a feasible route.

Stochastic Arc Costs. Arc costs are random. In period ¢, the cost vector ¢! € lel is drawn from
a finite, known support {cy,...,c,}, where m € N is the number of cost scenarios and ¢, € ]lel
is the arc-cost vector under scenario k. The vectors (¢’ : ¢ € [T]) are independent and identically
distributed according to an unknown probability mass function p = (py,...,pnm) € M, where p; :=
P(c" = ¢;). Writing k' for the realized scenario index, we thus have ¢’ = ¢;:. The finite-support
assumption is a statistical primitive: the interdictor does not know the scenario probabilities p, but

does know that p € M, where M C A™ ! is a model class, and also knows the set {ci,...,¢,}.
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Evader’s Response. The evader observes both the interdiction action and the realized cost vector
before routing. For an action B, let P(B) be the set of paths from 1 to n in the interdicted graph
(N, A\ B). Under a fixed deterministic tie-breaking rule, let S(B,c;) denote the selected path, so

S(B,c,) € i o
(B, cx) argsg&);ck,

The resulting path is therefore a deterministic function of the interdiction action and the latent cost
scenario. We fix one tie-breaking rule throughout; the results hold for any such fixed deterministic
rule because the induced map S(-,-) is treated as a model primitive. The total cost incurred by the
evader in scenario ¢ after action B is 7p j 1= ZaeS(B,ck) Ch,a-

Path-Only Feedback. The interdictor aims to maximize the cumulative expected cost incurred
by the evader, but its information is limited: at the end of each period t, the leader observes only
the path selected by the evader, S* := S(B?*, "), and observes neither the realized cost vector, the
scenario index, nor the total path cost. We refer to this informational regime as path-only feedback.

Formally, for a candidate distribution ¢ € A™~! and B € B, the observable path distribution is
P(S|B,q) ::ZQk]l{S(Back):S}a SeP(B).
k=1

We write Pg(q) for this distribution over paths and Pg s(q) :=P(S | B,q) for its value at S. Only

the paths that some scenario can actually induce carry probability, so we let
Sp:={S(B,c;) ke [m]} CP(B)

denote the response set of action B, the set of paths the evader can select when B is played;
every sum over path probabilities is indexed by Sg. Distinct latent distributions are therefore
observationally equivalent under an action whenever they induce the same distribution over paths.
For later use, define the path-aggregation matrix Mp € {0,1}/8*™ by (Mp)s . :=1{S(B,c;) =
S}. The observation law is therefore the linear image Pp(q) = Mpq of the latent distribution.
Full-Information Benchmark. For a distribution ¢ € A™™! and an action B, let rg :=
(rgiy---,TBm) denote the payoff vector and up(q) :=rLq the expected evader cost under q. The
full-information value is V' (q) := maxpgep pup(q), and the corresponding set of full-information opti-
mal interdiction actions is B*(q) := {B € B: up(q) = V(q)}. The single-period gap of action B
under ¢ is Ag(q) :=V(q) — ps(q), so Ag(q) =0 exactly for actions in B*(q). We write A,in(q) :=
minggps« (g Ap(q) for the smallest positive gap under ¢, and, for a set A C B of actions, Az, (q) :=
minge 4 Ag(q) for the smallest gap over that set. With the convention min () := 0, either quantity

is positive exactly when its indexing set is nonempty and contains no g-optimal action.
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Policies and Regret. Let H' := (B',S*,..., B, S") denote the observable path-feedback history
through period ¢, with H° := (), and let F, := o(H") be its filtration. An admissible policy m = (7;)i>1
is a sequence of possibly randomized decision rules. In period ¢, after observing H'~!, rule , selects
action B € B with probability (B | H*~'). The policy’s internal randomization is independent of
the cost process. For each 7, let P7 denote the law of the resulting action—scenario-response process
and E7 expectation under that law. Let 77(B,t) := S 1{B* = B} be the number of times action
B has been played through period ¢. Although the leader observes neither k' nor the realized costs,
regret is evaluated against the full-information benchmark:

T
E 'I"Bt’kt .

t=1

R™(T,p)=T-V(p) -

™
P

Equivalently, since B* is chosen before ¢' is realized, R™(T,p) = > 5.z E7 [77(B,T)]Ap(p). A policy
is consistent under p if R™(T,p) = o(T*) for every o> 0. More generally, for a model class M C
A™=! a policy is consistent over M if it is consistent under every p € M. When the relevant model

class is clear from context, we simply say that the policy is consistent.

4. A Logarithmic Lower Bound on Path-Feedback Regret

This section establishes a fundamental limit on the performance of any policy consistent over a
model class M C A™71: for a true distribution p € M, its asymptotic regret is bounded below by
an instance-dependent multiple x%(p) of logT'. Later, in Section 7, we specialize to the full-simplex
model class and show that, under local path-identifiability and a relative Slater condition, the
resulting semi-infinite lower-bound problem admits a finite convex reformulation.

The bound rests on the classical change-of-measure argument of Lai and Robbins (1985) and
Graves and Lai (1997), but the experiment is different: after action B the leader observes only the
evader’s selected path, not the realized cost scenario. The relevant observation law is therefore the
aggregated path distribution Pg(q), and for two distributions p,q € A™! and an action B € B the
corresponding path-feedback information number is

I5(p,q) := D(Pg(p)|| Ps(q ZPBS

SeSp

5,5(P)
PB S(Q)

It depends on p and g only through the observable path laws: the cost scenarios enter only through

the paths they induce. It drives both the lower bound below and the dominated-information diag-

nosis of Section 6.

THEOREM 1 (Information Floor under Path-Only Feedback). Fiz p,q € A™ ' and an
admissible policy . Assume Pg(p) < Pg(q) for every B € B, B*(p) NB*(q) =0, and 7 is consistent
under both p and q. Then

B,T)|I
liminf ZBGB [ ( )] B(p7 ) >1
T—00 logT
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This theorem is an information-theoretic floor on exploration: to stay consistent against a con-
founding alternative ¢ with a different optimal action, the policy must let the observed paths
accumulate at least logT" units of discriminating information, each play of B contributing Iz (p, q).
It does not yet say how that information is most cheaply bought; the next subsection turns it into
a regret constant by spending suboptimal plays where they are most informative per unit of regret.
Section A of the Electronic Companion proves Theorem 1 through an adaptive relative-entropy

identity and a binary change-of-measure argument.

4.1. From Information Accumulation to a Regret Constant

Theorem 1 applies to alternatives ¢ whose optimal actions are disjoint from those under p and
for which Pg(p) < Pg(q) for every B € B. To formulate the logarithmic lower-bound problem, we
must first distinguish settings with costly exploration from settings with complete observational
equivalence. If Iz(p,q) =0 for every B € B, then p and ¢ induce the same law over every path-
feedback history, so no policy can be consistent over a model class containing both (Lemma EC.1
in Section A of the Electronic Companion).

We therefore focus on alternatives in the fixed model class M that are indistinguishable under
actions in B*(p) but distinguishable under at least one action outside B*(p). Against such alter-
natives, information is available only through actions with a positive regret gap under p; we call
them costly confounding alternatives. Excluding also alternatives with infinite information, which

reveal a support mismatch and do not determine the finite logarithmic regret constant, we define

Qm(p) :={qeM: B*(p)NB*(q) =0, nga;fp){fa(p, 9)} =0,
Py(p) < Pp(q) YB€B, max{I5(p,q)} >0},

the running example of Section 4.2 will exhibit a setting with M = A? and Qa(p) # 0. Minimiz-
ing regret subject to the information requirements that Theorem 1 imposes for each ¢ € Q. (p)
therefore yields a valid lower bound on the regret of any consistent policy:

Kulp):= _ inf S waln(p) (1)

o520, BEB'0) I
st. > aplp(pg) =1, Vg€ Qup).
B¢B*(p)
Here each xzp > 0 represents the asymptotic number of times action B is played per unit of
logT. Thus, if action B is played xglogT times, it contributes zpApg(p)logT regret under p and
xplp(p,q)logT path-feedback information against a fixed alternative g. Theorem 1 says that any

consistent policy must accumulate at least log T units of such information against each g € Q(p).
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Since actions in B*(p) have zero information against these alternatives, this becomes the displayed
constraint over B ¢ B*(p). The objective then minimizes the corresponding coefficient of log7" in

regret. If Qrq(p) =0, the constraint set is empty and s}, (p) =0.

COROLLARY 1 (Logarithmic Regret Lower Bound). Fiz a model class M C A™! and p €
M. If 7 is consistent over M, then

The extended-value constant x},(p) € [0, +00] is the cheapest asymptotic cost of purchasing the
information that Theorem 1 forces: it spends suboptimal plays only where they discriminate the
costly confounding alternatives most efficiently, charging each unit of exploration to the regret gap
it incurs. It is the path-feedback analogue of the classical Lai—-Robbins constant, with the aggregated
path information Iz(p,q) in place of the single-arm Kullback—Leibler divergence. The constant is
large when costly confounding alternatives are expensive to separate: the informative actions deliver
little path-feedback information relative to the regret gaps they incur, so one unit of discriminating
information requires a large regret expenditure. Section A of the Electronic Companion translates

the information constraints into limiting play counts and minimizes their asymptotic regret.

4.2. A Running Example: The Three-Path Instance

We close the section with an instance that we return to throughout the paper. It is small enough
to admit closed-form values and information numbers, yet it already exhibits the obstruction that
drives the policy analysis of Sections 5 and 6: the actions that separate two confounding alternatives
are exactly the actions that are worst in expected value.

The Instance. Consider the network of Figure 1, with three parallel source—sink paths I';,I'5, '3,
each consisting of a single arc; we therefore identify each path with its arc when writing interdiction
actions. There are three cost scenarios, and the triple on each arc of the figure lists its cost under

c1, C3, and c3. The interdiction budget is K =1, so the feasible action set is
B:{Bo,Bl,Bz,Bg}, Bo:: @, B,L: {Fl}, 221,2,3

The evader chooses the available path with minimum realized cost, with ties broken in favor of
the lowest-index available path. Table 2 reports, for each action—scenario pair, the path observed
by the leader and the cost realized by the evader; the rows of the right block are the payoffs
rp, = (2,10,1)7, rp, = (2,1,10)7, and rp, =rp, = (2,1,1) 7. The left block shows that the path

observed under B; and B, is the same in every scenario, while under B; and B, it varies.
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Iy (21, 10)
T's: (2,10, 10)

Figure 1  The three-path instance. Each arc is itself a source—sink path I';, labeled with its costs under the

scenarios (c1,c2, c3); the interdiction budget is K = 1.

Table 2  Evader response in the three-path instance: observed path S(B,ci) and realized evader cost rp i for

each action—scenario pair.

path S(B,c) cost T
C1 Co C3 C1 Co C3
B1 - {Fl} FQ FQ F2 2 10 1
={I,} | I, I, T, ]2 1 10
{Fg} T T, s 2 1 1
Bo Iy I Iy 2 1 1

To avoid boundary issues in the arguments that follow, take M = A2, fix e € (0,1/4), and consider

the two interior latent distributions
=(1/2,1/2—¢,¢), ¢ :=(1/2,¢e,1/2—¢).

Under p®, direct substitution gives pug, (p°) =6 — 9¢, up,(p°) =3/2+ e, and pp,(p°) = pp,(P°) =
3/2. Since € < 1/4, the inequality 6 —9¢ > 3/2+9¢ holds, so B*(p®) = { B: }. By symmetry, p5,(q° )
6—9¢, g, (¢°) =3/2+9¢, and pp,(¢°) = g, (¢°) = 3/2, 50 B*(¢°) = { B2 }. Hence B*(p*)NB*(¢°) =

Value Ranking: The Diagnostic Actions Are Dominated. For any distribution q = (q1,q2,q3) € A?,
the expected values are pp, (q) = 2¢1 + 10¢2 + g5, 15, (q) =2¢1 + g2 + 10q3, and pp,(q) = pp,(q) =
2q1 + g2 + g3 =1+ ¢1. Therefore

1B, (@) — ks (q) =9g2, B, (q) — kB, (q) = 9gs.

Whenever ¢, > 0 and g3 > 0, both B, and Bs strictly dominate B3 and By in expected value.

Dominated information and diagnostic actions. We now ask which actions carry information
that separates p° from ¢°. Under Bj, the evader always chooses path I';, regardless of the latent
scenario, so Pp, (p°) = Pp,(¢°) and Ip, (p°,q¢°) = 0. Under B,, the evader always chooses path I'y,
so Pg,(p°) = Pg,(¢°) and Ip,(p®,q°) =0. In contrast, under Bs, writing the path probabilities in
the order (I'1,I';) gives

PBs(pE):(l_E’E)v PBs(qE):(1/2+€71/2_5)'
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Since € € (0,1/4), these two distributions are different and have the same support, and therefore
I, (p°,¢°) =D ((1—€,8)[(1/2+¢,1/2—¢)) > 0.

The same calculation holds for Bjy. The informative actions are therefore Bs and By, neither of
which is optimal under p® or under ¢°, and both of which are strictly value-dominated whenever
g2 > 0 and ¢3 > 0. On this instance, informativeness and value point in opposite directions. This

motivates the following definition.

DEFINITION 1 (DOMINATED INFORMATION). Fix a model class M and p € M. We say that the
instance exhibits dominated information at p if there is an alternative ¢ € Q(p) such that every
action carrying strictly positive information against ¢ is strictly suboptimal under both p and ¢;
that is,

Iy(p,q)>0 = B¢B(puUB(qg), BeB

We call the actions with Ig(p,q) > 0 the diagnostic actions for the pair (p,q).

The computations above show that the three-path instance exhibits dominated information at
p°, with ¢ as the confounding alternative and { By, B3} as the diagnostic actions. Section 5 shows
that this configuration alone is enough to make posterior sampling fail, and Section 6 shows that

it defeats value optimism as well before turning it into a policy design.

REMARK 1. The three-path instance shows why the definition of Q,(p) searches over all feasible
actions for distinguishing information. For p* and ¢°, the optimal-action sets are disjoint and
Ig(p®,q°) =0 for every B € B*(p®) U B*(¢°), whereas Ip,(p®,¢°) > 0 even though Bs ¢ B*(p°) U
B*(q%). Thus the distinguishing action in the definition of Qx(p) cannot be restricted to B*(q).

5. Posterior Sampling under Path-Only Feedback

The lower-bound results identify how much path-only feedback information a consistent policy
must accumulate. We now ask whether the resulting learning difficulty is intrinsic to stochastic
interdiction or instead arises from the form of feedback.

We proceed in four steps. We first calibrate against a full-feedback regime in which the leader
observes the realized scenario after the evader traverses the interdicted network. This form of
feedback removes the action-dependent information-acquisition problem while preserving the inter-
diction problem itself, and it turns the model into a standard bandit with the usual gap-free /T
rate. We then characterize the posterior induced by path-only feedback, and show that although
marginal conjugacy fails, latent scenarios can be imputed through a conditionally conjugate Gibbs
sampler that makes posterior sampling implementable. This machinery is not enough: on the run-

ning example of Section 4.2, even exact path-only posterior sampling incurs linear regret.
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Throughout, we use a Bayesian Thompson sampling scheme with a Dirichlet prior on the latent
scenario probabilities. Thompson sampling dates back to Thompson (1933) and has been developed
as posterior sampling for sequential optimization (see, e.g., Russo and Van Roy 2014). Let o' =
(af,...,al) with af > 0 for every k, and place the prior p ~ Dirichlet(a®), writing a:=>"," af
for the total prior concentration. The Bayesian policies of this section therefore use the full simplex

A™~1 as their prior support; a restricted model class M would instead require a prior supported

on M. All proofs of this section’s results are deferred to Section B of the Electronic Companion.

5.1. Thompson Sampling under Full Feedback

Under full feedback, the leader observes k'. Let HY!:= (B k' ... B’ k') denote the resulting
history through period ¢, and let Ny (t):=>"t_, 1{k* =k} be the number of times scenario k has
been observed through period t. Because the scenarios are i.i.d. with mass function p, the likelihood

of H¥*' is proportional to [],, pfj’“(t). Dirichlet conjugacy therefore gives
p| H™* ~ Dirichlet (af + Ny(1), .., a2 + Ny (1)).

At the beginning of period ¢, full-feedback Thompson sampling 7™ draws p' ~ Dirichlet(a? +
Ni(t—1),...,a2 + N,,(t—1)) and plays

m
B' € argmax > Pirp-
k=1

After observing k!, the policy increments the corresponding scenario count. A full-feedback policy
follows the same stochastic-kernel convention as in Section 3, with H¥*~! in place of H*~! and
internal randomization independent of the cost process.

Full feedback removes the information-acquisition trade-off created by censoring, but regret
remains measured against the full-information oracle V'(p). Also, every realized scenario updates
the value estimates of all actions, regardless of the action played. The next two results calibrate
this regime. Both specialize standard bandit regret theory to the finite-support interdiction model,;
see Bubeck and Cesa-Bianchi (2012) for the general minimax benchmark and Agrawal and Goyal

(2013) for problem-independent bounds for Thompson sampling in classical multi-armed bandits.

PrOPOSITION 1 (Minimax Lower Bound under Full Feedback). There exists a fized two-
scenario full-feedback shortest-path interdiction instance such that, for every full-feedback policy m

and every T > 2,

%5

sup R™(T,p) >
peAl

Consequently, no full-feedback policy has gap-free worst-case regret o(v/T).
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The network, scenario costs, and feasible action set in Proposition 1 are fixed across horizons; the
supremum is taken separately at each horizon, so, as is common in gap-free minimax constructions,
the two latent distributions attaining it depend on T'.

On the other hand, the upper bound that matches the rate of Proposition 1 is governed by the
directions in which action payoffs differ over the simplex, measured by

diam (r) := Bné&/‘é%?eiug lrg —rp —allls,

where the inner minimization removes payoff components that are constant across scenarios, since

these have the same value under every distribution in the simplex.

ProOPOSITION 2 (Regret of Full-Feedback Thompson Sampling). There ezists a universal
constant C < +oo such that, for every p € A™ ' and T > 2, full-feedback Thompson sampling
satisfies

R™(T,p) < O diam, (r) [ﬁ+ |+ &log <1+ Z)} |

In particular, for fived prior mass &, sup,cam-1 RITS(T,p) = O(diam . (r)VT). If 0 <75k < Tmax

for every scenario and action, this further gives sup,eam—1 RS (T, p) = O(rmaxVmT).

Together the two propositions show that 775 is minimax-rate optimal in its horizon dependence
for this regime; we make no claim about the leading constant. These results also imply that when the
realized scenario is observed, the interdiction problem can be seen as a standard bandit and nothing
pathological occurs. Therefore, whatever goes wrong under path-only feedback is a consequence of

censoring, not of the interdiction structure.

5.2. The Censored Posterior

When extending Thompson sampling to path-only feedback, we must account for the fact that the
observed path may be generated by more than one latent scenario. After playing B and observing

S*. the leader can only infer that the realized scenario belongs to the nonempty compatible set
Zti={ke[m]:S(B" ¢)=5"}.

Equivalently, using the aggregation matrix Mp:, we have Z' = {k € [m] : (Mpt)st, = 1}. The
likelihood contribution of the observed path in period t is therefore
P(S'| B',p) =Y _ pr-
kezt

The following result characterizes the resulting posterior; Section B of the Electronic Companion

derives it directly from the path-feedback likelihood.
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PROPOSITION 3 (Censored Posterior). Fiz an admissible policy and a possible realization h' of

the path-feedback history H'. The posterior density of p conditional on H' = h' is proportional to

fi(p) szg_l I1 (Z pk> ,  peA™Th (2)

s=1 \keZs
When every observed path identifies its latent scenario, each compatible set is a singleton and
the posterior remains Dirichlet. In general, however, it is not, because each observation contributes

a sum of scenario probabilities rather than a single scenario count.

5.3. Gibbs Imputation and an Implementable Sampler

Since the censored posterior in (2) is not Dirichlet, sampling from it requires more than a conjugate
update. We recover conditional conjugacy by introducing latent scenario assignments Z*, one for
each s € [t], where Z° denotes the unobserved scenario index; necessarily Z° € Z°, or equivalently
S® = S(B*,czs). This is the usual device for incomplete observations (Dempster et al. 1977); the
resulting conditional sampler is a partially collapsed Gibbs construction (Geyer 1992). The latent
distribution p is common to all periods and therefore carries no time index; its posterior law depends

on t through the path-feedback history H*.

PROPOSITION 4 (Gibbs Conditionals for the Censored Posterior). Fiz t € [T]. Given
latent assignments Z = (Z°: s € [t]), define ng(Z):=3.'_ 1{Z*=k}. Then

s=1
p|Z,H' ~Dirichlet(af + n(2),...,a0 +nm(2)),

and, for every s € [t] and k € [m], conditional on p,

N pk]l{k S ZS}
Zjezs Dj

P(Z° =k|p, H)

Both conditionals are standard draws, so augmenting the state with Z makes posterior sampling
implementable. Integrating p out of the second conditional yields a collapsed form that depends
only on the remaining assignments, and sampling from it repeatedly defines a sweep: one pass in
which every Z°%, s € [t — 1], is resampled in turn, followed by a Dirichlet draw of p given the updated
assignments. Section B.1 of the Electronic Companion states the collapsed conditional, gives the
resulting sampler as Algorithm 2, and derives both conditional laws.

We reserve m'° for the ideal path-only Thompson policy that draws exactly from the censored
posterior before every decision and maximizes the sampled expected payoff. Writing R:= (R;:t €
[T) for the number of sweeps performed before the draw in each period, we denote the finite-sweep
implementation by 7T (R). Under full feedback no imputation is needed, since k' is observed, and

the Dirichlet update of Section 5.1 is recovered.
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REMARK 2. Run to stationarity before every Thompson draw, the Gibbs chain returns an exact
sample from (2), and 7<T5(R) coincides in law with 7T5; the usual irreducibility and aperiodicity
are understood on the compatible support of the augmented posterior; with a finite sweep count

the draw is approximate. Section B.1 of the Electronic Companion collects implementation details.

5.4. The Limits of Posterior Sampling

Neither 7™ nor m“T8(R) can create information that the played actions never reveal. In this
sense, the following observation can be thought as the Bayesian counterpart of the observational

equivalence obstruction in the lower-bound analysis.

REMARK 3. Under censored feedback, the posterior can only learn the components of p that are
identifiable through the played actions and their compatible sets. In the path-only case, if two
distributions p and g satisfy Mpp = Mpq for every B € B, then every path-only feedback history has
the same likelihood under p and ¢. Hence no Bayesian procedure, including Thompson sampling,

can distinguish between them from path-only observations alone.

Any failure that persists under exact posterior sampling is therefore informational rather than
computational. We now show that the failure is not confined to the fully unidentifiable case of
Remark 3. On the running example of Section 4.2 the latent distribution is identifiable from the full
action set, yet the ideal path-only Thompson policy 715 has linear worst-case regret. The reason
is dominated information (Definition 1): the diagnostic actions By, B3 are strictly dominated in

value, so they are never optimal for a nondegenerate draw and are never played.

PRrOPOSITION 5 (Linear Regret of Path-Only Thompson Sampling). In the three-path
instance of Section 4.2, consider pure path-only Thompson sampling with a Dirichlet prior satisfy-
ing a2 >0 for all k. Let p denote a generic draw from this prior. Suppose the Thompson sampler
uses exact posterior samples under the path-only posterior and plays B' € argmaxpep pup(p') with
deterministic tie-breaking. Then, under p* = (1/2,1/2 —¢,e) with € € (0,1/4), the expected regret
is linear:
RIS ) = (§ - 18 B > ) T

The probability in this expression is strictly positive. In particular, the worst-case regret of pure

path-only Thompson sampling over this instance family is ©(T).

Section B.2 of the Electronic Companion proves the result by showing that the informative
actions are never selected, so the posterior remains at its prior and a suboptimal action is played
with constant probability. Section 6 shows that the same mechanism defeats value optimism, and

then turns the diagnosis into a policy design.
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6. Dominated Information and ldentifying Exploration

Section 5 showed that pure path-only Thompson sampling can incur linear regret on the three-
path instance, even with exact posterior sampling. This section turns that negative example into a
policy design. The root cause is dominated information (Definition 1): the actions that distinguish
two confounded environments can be strictly dominated in expected value, so a policy that only
optimizes sampled or optimistic values may never collect the observations that separate them.
We proceed in four steps. First, we show that linear regret holds for every policy that avoids the
diagnostic actions, not only for posterior sampling. Second, we show that policies based on value-
optimism (particularly, UCB policies) can also fail to play diagnostic actions and thus incur linear
regret. Third, we develop an identifiability notion to formalize what it means to gather enough
information in our setting. Finally, we give a simple identifying-exploration policy that attains a
rate-optimal regret by exploiting the fact that a consistent policy may play a suboptimal action

O(logT') times without breaking the overall logT rate.

6.1. The Necessity of Playing Diagnostic Actions

The linear-regret result of Section 5.4 is not due to posterior sampling, but to never playing the

diagnostic pair { By, B}, which we formalize next.

PRrOPOSITION 6 (Linear Regret without Diagnostic Actions). Consider  the  three-path
instance and the two interior environments p* = (1/2,1/2 —¢,e) and ¢ = (1/2,¢,1/2 — ), with
e€(0,1/4). Let ™ be any admissible policy that, with probability one under both environments,
never plays By or Bs. Then

max{R™(T, p°), R™ (T, ¢°)} > <i - 95> T,

Thus, such a policy has linear worst-case regret.

Next, we use this observation to prove that policies that are optimistic with respect to uncertainty,

such as UCB-type policies, face the same issue as Thompson sampling under path-only feedback.

6.2. The Price of Optimism in the Face of Uncertainty

Let ﬁB(t — 1) be the vector of empirical path frequencies of action B, and let radg(t) > 0 be a

confidence radius. For each ¢, define the confidence set
O, := {q eEM:||Mpq— ﬁB(t— 1)||eo <radp(t) for every sampled B}.

Unsampled actions impose no constraint. Whenever O, is nonempty, the simple Path-Only Value-

UCB policy 7V°P plays B' € argmaxpep sup,ce, 54, Using a fixed tie-breaking rule. On histories
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for which ©; is empty, the policy uses any fixed measurable fallback rule; this contingency does
not arise under the hypothesis of Proposition 7. For this rule, define the initial optimistic set by

By g := arg max sup r5q.
BeB geEM

The set BY, - depends on the model class, but not on p. Finally, we say an action B is scenario-blind
over M if there is a path Sp such that Pg g,(q) =1 for every ¢ € M; equivalently, every scenario

that receives positive mass under some law in M induces the same path S whenever B is played.

PROPOSITION 7 (Absorption at Scenario-Blind Actions). If every action in Blcg is
scenario-blind over M, then, under every p e M, B' € By« for all t € [T'] with probability one. In
particular, if BYqg is a singleton with unique element E, then RVCB(T,p) =TA3z(p).

The conclusion is independent of the particular nonnegative confidence radii: along the realized
histories, observations from scenario-blind actions leave every distribution in M feasible.

On the running example with M = A?, direct computation gives BY g = {Bi, B }: the initial
optimistic values of these actions are 10, whereas those of By and Bj are 2. Both B; and B, are
scenario-blind, as shown in Table 2. Proposition 7 therefore implies that Value-UCB never plays

By or Bs. Applying Proposition 6 gives, for every e € (0,1/4),
9
ma(RVH (), RO )) = (§ - 02) 7
Thus, simple Value-UCB has linear worst-case regret on the three-path instance.

6.3. Identifying-Exploration Design

The negative examples above show that under path-only feedback the leader must ‘buy’ information
from actions that are not value-maximizing. We present a simple sufficient design that does so,
fixing a set of identifying actions, sampling each logarithmically often, and then playing greedily
against a least-squares estimate of the latent distribution.

Let M C A™! be the model class of Section 3. Throughout this section, we assume that any
restrictions beyond the simplex are linear equalities, so M is the intersection of an affine subspace

with A™~!; namely, a polytope. Define
VYV :=span{p' —p" :p',p" € M}.

Note that Vu records how two candidate distributions in M can differ. Because both distributions
sum to one, every v € Vy satisfies 1"v =0. When M = A™~!, there are no additional restrictions
and Vy = {v € R™: 17y =0}. Prior information narrows this space. For example, if the probability

of scenario 1 is known, then every v € V) also satisfies v; = 0.
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We say that £ C B is identifying over M if, for all p,q € M,

Mpq=Mgp VYBe& = q

I
S

Repeated plays of £ let the leader estimate the path laws (Mpp)pece; the set is identifying when
these determine p uniquely within M. Note that, in the running example, no single action is
identifying over A? because ¢; and ¢, induce the same path under every action. If ¢; = 1/2 is
known, however, £ = { B3} identifies the restricted class: its I'y probability is ¢z, and normalization
gives ¢ =1/2 — gs.

Next, we provide a more useful characterization of identifiability. For any £ C B, define the

stacked observation matrix

where the upper block stacks the matrices Mp vertically.

LEmMMA 1 (Identifying-Subspace Equivalence). Suppose that M is nonempty and convex. A
subset £ C B is identifying over M if and only if the restriction of Mg to Vg is injective; that is,

ker(Mg) NV ={0}.

When M = A™71 these conditions are equivalent to Mg having full column rank m.

Over the full simplex, the subspace condition of Lemma 1 admits a left-inverse certificate that

can be more useful computationally.

COROLLARY 2 (Left-Inverse Certificate for Identifying Sets). Let 1, denote the m x m
identity matriz. A subset £ C B is identifying over A™™' if and only if there exist matrices Wp €

R™*ISBl for B € £ and a vector wy € R™ such that

Z WBMB +w01T = ]Im

Be&

REMARK 4. An identifying set over A™! exists if and only if the full action set is identifying:
My has column rank m, equivalently the incidence vectors of all path partitions, together with 17,
span R™. Pairwise scenario separation is necessary but not sufficient, because the path-frequency
equations induced by different actions may still be linearly dependent. If the resulting rank defi-
ciency yields two observationally equivalent distributions with disjoint optimal sets, Lemma EC.1

rules out consistency over any model class containing both distributions.
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6.4. ldentifying-Exploration Greedy Policy
Fix an identifying set £ C B. For B € £ and S € S, let Nge, s(t) be the number of forced-exploration
periods up to time ¢ in which action B was played and path S was observed. Let

T®(B,t):= >  Nig(t).

SeSp

When 7(B,t) > 0, define ﬁge’s(t) = Nf 5(t)/7"(B,t). The least-squares estimator is

~ Df 2
i Pty — M
P’ € argmin > H 5 (1) — Mg

Beé&:rfe(B,t)>0

.
Any minimizer can be used; restricting it to M rather than to A™! is what lets the estimator
exploit known or linked scenario probabilities. For a multiplier 8 > 0, define the logarithmic explo-
ration target g, := max{1, [$logt]}. Fix an arbitrary deterministic ordering of the actions in &; this
ordering is used only to choose among under-explored actions. The proposed identifying-exploration
greedy policy 7'F is described in Algorithm 1.

Policy 7'® guarantees logarithmic regret, as stated below in Theorem 2. It is an instance-
dependent logarithmic guarantee for a fixed p € M with positive gap A, (p), provided that a fixed
set £ identifying over M is sampled with a sufficiently large multiplier 5. Three instance quantities

govern the required multiplier: the payoff radius

N = max min ||rgx—7r ,
p+(p) BgB*(p)B*eB*(p)H B 5ll2

which is positive and finite because B is finite and A, (p) > 0, the design conditioning

¢ :=1inf{||Mev|lz:v €V, |[v]2=1} >0,
whose positivity follows from Lemma 1 and compactness of the unit sphere in V,, and the largest
response-set size Spax := maxpee |Sp|.

THEOREM 2 (Logarithmic Regret of Identifying-Exploration Greedy). Fiz p € M with

dim(Vuy) > 1, Anin(p) >0, and let 0 £ E C B be identifying over M. If

25max|€|p«(p)?
Q‘%‘Amin(p)z ’

with C(p, &, B) < +oo independent of T. In particular, since gr = O(logT), R™(T,p) =O0(logT).

5> then R™(T,p)<gr > Ap(p)+C(p.E B),

Be&

REMARK 5. The theorem is stated for a fixed set £ identifying over M. Section D of the Electronic
Companion gives an exact mixed-integer linear programming (MILP) formulation for selecting a
low-cost identifying set. The full-simplex formulation returns a set identifying over A™~! and hence
over any M C A™~!: the direction-space implementation described there can exploit restrictions
defining M. Alternatively, one may take all actions whenever B is identifying over M, or use

another experiment-design procedure.
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Algorithm 1 Identifying-Exploration Greedy Policy

1: Input: horizon T, actions B, model class M, matrices (Mp)ges, payoffs (rz)zes, identifying set £ with
a fixed ordering, multiplier 8 > 0; Nfge’s(O) +—O0forall Be&, SeS;.

2: fort=1,...,7 do

3 gy < max{l,[Blogt]}.

4:  if (Bt —1) < g, for some B € £ then

5: Play the first under-explored action B? in the fixed ordering, observe path S, and increment Ng’ty st
(forced exploration)

6: else

7 Play Bt € argmaxgeprgpt ! at the least-squares estimate p'~!, and observe the path. (greedy)

8  end if

9: end for

Counters not named in a step are carried forward unchanged; only forced-exploration plays update them.

In summary, path-only feedback changes the nature of exploration. Information can be hidden
in actions that are dominated in value, so pure posterior sampling and pure value optimism may
fail to separate confounding environments. Forcing logarithmic sampling of an identifying action

set restores learnability under a positive optimality gap and identifiability over the model class.

7. Computing the Lower-Bound Constant

The lower-bound problem (1) is semi-infinite: it has one information constraint for every alternative
in Q(p), and these generally form a continuum. This section reduces it to a finite convex program,
making k*(p) computable on a fixed instance and the calibration of Section 8.3 possible.

Throughout we specialize to the full-simplex model class M = A™~! and abbreviate Q(p) :=
Qam-1(p) and K (p) := K3 m-1(p).

The reduction rests on one structural feature of path-only feedback: the observation law is
a linear image of the latent distribution. Recall that the path-aggregation matrix Mp satisfies
Py(q) = Mpq, and that up(q) =rLq. The conditions defining Q(p) and Iz (p,q) therefore depend
on the alternative ¢ only through finitely many linear maps, which is what allows a continuum of
constraints to collapse into finitely many.

Throughout this section we assume w.l.o.g. that B\ B*(p) # 0, and that decision-changing
alternatives be separable from p by at least one action. This rules out the complete-observational-

equivalence case identified in the previous section.

AssuMPTION 1 (Local Path-Identifiability). There is no g € A™ ™! such that B*(p) N B*(q) =0
and Ig(p,q) =0 for every B € B.

The reduction proceeds in three moves, developed in full in Section E of the Electronic Compan-

ion. First, an alternative changes the optimal action exactly when a single challenger B’ ¢ B*(p)

! Otherwise every feasible action is optimal under p, no alternative can have an optimal set disjoint from B*(p), and
Q(p) =0 with k*(p) =0.
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strictly beats every p-optimal action under g, so Q(p) splits into at most |B\ B*(p)| convex chal-
lenger cells Qp/(p), each cut out by finitely many affine constraints; under Assumption 1 these
cells cover Q(p) exactly, and the semi-infinite constraint of (1) reduces to one worst-case constraint
per nonempty cell, indexed by C(p) :={B’ € B\ B*(p) : Qp/(p) # 0}. Second, replacing each cell
by its closure leaves that worst-case value unchanged and turns the inner infimum into a mini-
mum over a compact set;? the resulting constraints are concave in the exploration weights x, hence
convex. Third, convex duality replaces each inner minimization by the existence of a dual certifi-
cate obeying finitely many linear inequalities, provided the inner problem is regular. The relevant
constraint qualification, stated as Assumption EC.1 in Section E of the Electronic Companion,
requires a relative-interior point of the p-optimal observation equalities that strictly satisfies the
challenger inequalities and lies in every divergence term’s effective domain. The same section gives
a cell-detection linear program that produces candidate points, with relative-interior membership
checked separately. Strong duality then yields an attained certificate for every cell and every x.
The only nonlinearity left in a certificate is a perspective term, which the exponential cone
Kexp := cl{(21,22,23) : 22 >0, zaexp(z1/2z2) < z3} represents exactly through auxiliary variables.

Assembling the three moves yields the reformulation.

THEOREM 3 (Finite Exponential-Cone Reformulation). Under Assumption 1 and the rela-
tive Slater condition (Assumption EC.1), k*(p) is the optimal value of the finite exponential-cone

program

min Z xpAg(p) (3)

BEB*(p)
s.1. Z Z Py s(p)(up B,s +2p)+ Z Z Py~ s(p)npr.p-s > 1, VB €C(p),
B¢B*(p) SeSp: B*€B*(p) SESp+
Pp,s(p)>0
Z AB/B,5(B,c,) T Z <77B’,B*,S(B*,ck) +vpr g (T — TB*)k) <0, Vke[m], VB €C(p),
B¢B*(p) B*eB*(p)

(UB/,B,57$B7>\B/,B,S) S ICeXp, VB’ e C(p), VB §é B*(p), VS e SB with PB,s(p) > 0,

x>0, Ap ps=>0, vp p->0, npp-g€R,
where the last line ranges over all B’ € C(p), B ¢ B*(p), B* € B*(p), and over S € Sp in the A
variables and S € Sp« in the 1 variables.

The program is convex: the objective and the dual-feasibility constraints are linear, and each

exponential-cone constraint is convex. Its size, however, is governed by the combinatorial action

2 The two-path instance of Example EC.1 shows that this step is not vacuous: its least informative costly confounding
alternative is approached only at the boundary of the cell.
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space—one exploration variable per suboptimal action and one challenger block per cell—and
|B| = Z;io (“;“) grows exponentially in the budget K, so the representation is exact and finite for
a fixed network but is not by itself a scalable algorithm; the cell-detection linear program prunes
the candidate challengers to C(p), which can be much smaller. Finally, x*(p) does not enter the
guarantees of Section 6, whose policies attain the logarithmic rate but not the optimal constant,
because the multiplier 5 of Theorem 2 need only exceed a conservative threshold; the optimal
allocation z* supplies the value of 5 for which the achieved constant equals x*(p), as Section 8.3

shows. A policy that made this choice from data would have to solve (1) repeatedly at a running

estimate of p, which is practical for a finite convex program and not for a semi-infinite one.

8. Numerical Experiments

Table 3 specifies five experiments. E1-E3 are mechanism studies: restricted, purpose-built action
classes and long horizons isolate a single effect. E4 tests the policies at realistic scale under the
full all-arc class B={B C A:|B| < K}, on generated random graphs and on the Arizona—Mexico
infiltration network of Unsal (2010). E5 returns to that topology under a checkpoint-closure design

in which diagnostic information is dominated.

8.1. Experimental Setup

Policies. We compare Full-feedback TS, a Thompson-sampling benchmark that observes the latent
scenario after each play; Path-only TS, which samples from the posterior induced by path-only
observations; UCB, the path-only Value-UCB rule of Algorithm 3 in Section F.1 of the Electronic
Companion; and IF-Greedy, the identifying-exploration greedy policy of Section 6.4. Both TS
policies use the symmetric prior a® = (1,...,1). The all-arc benchmarks add IE-Greedy Relaxed,
an estimator variant specified in Section F.2 of the Electronic Companion; it tracks IE-Greedy
throughout, so we do not discuss it separately. Scenario streams are shared across policies within
each replication, and boldface marks the minimum computed before rounding, so a displayed tie
may contain a single bold entry.

Performance measure. All curves report mean cumulative pseudo-regret, 7€(T) =

Mo ;Lflp Zthl A i) (p), where B4 is the action chosen in period ¢ of replication j. Benchmark
tables report pseudo-regret at the terminal horizon and mean wall-clock time in seconds.

Implementation. All algorithms were coded in Julia (Bezanson et al. 2017), using Gurobi for the
all-arc graph oracle and the Value-UCB linear programs and MOSEK for the lower-bound, conic
calibration, and identifying-set routines. Section F.3 of the Electronic Companion lists package

versions, hardware, and the timing protocol.?

3 Reported times are descriptive rather than controlled microbenchmarks.
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Table 3 Design of the five experiments. M is the model class used by Value-UCB and IE-Greedy, m the number

of latent scenarios, and nyep the replications. Unless a caption says otherwise, every figure and table uses these

settings.
Network Action class B Model class M m T Nrep 8
E1 (§8.2) Three parallel paths {Bo, B1, B2, B3} {4,—nmn):nel0,4]} 3 50,000 300 20
E2 (§8.3) Three parallel paths {By, Bi1, B2, B3} {q:q3=qu} 4 50,000 300 37.079*
E3 (§8.4) 2x 30 layered DAGs purpose-built full simplex — 20,000 30/network 20
E4 (§8.5) ER(20,0.5) |B| <K, K e€{1,2,3,4} full simplex 10 1,000 30 x 30 20
Arizona—Mexico |IB| <K, K €{1,2,3,4} full simplex 3 5,000 30 x 30 20
E5 (§8.6) Arizona—Mexico 12 entrances, |B| <11  full simplex A® 3 50,000 30 x 13 230

*Oracle multiplier %, from the lower-bound solution, used for calibration only.

8.2. Dominated Information on the Three-Path Instance

Design. We use the three-path instance of Section 4.2 with € = 0.1, so that p*=(1/2,1/2—¢, ¢),
action B; is uniquely optimal, and its value gap against Bj is 2.7. Neither B; nor B, separates p®
from the confounding alternative ¢ = (1/2,¢,1/2 —¢); only the dominated actions Bz and B, do,
and we take Bj as the diagnostic action. On this model class the Value-UCB initial index vector

over (By, By, B3, By) is (6,6,3/2,3/2), and the B;—Bs tie is broken uniformly at random.

(a) Linear Scale (b) Logarithmic Scale
70000 4 70000 4
—— Full-feedback TS /s ]
—— Path-only TS yd |
60000 ucs 60000 |
—— IE-Greedy J/ {
/ |
/
., 50000 ., 50000 4 /
o o /
o o /
& 40000 - S & 40000 - /
o / o [
2 / 2 /
® 30000 A / ® 30000 A /
S yd > /
£ £ /
O 20000 S O 20000
//‘ /
/
10000 4 S 10000 4 ‘//
0 04 =
0 10000 20000 30000 40000 50000 102 103 104
period Period

Figure 2  El: mean cumulative pseudo-regret on the three-path instance, on linear (left) and logarithmic (right)

period scales.

Results. In Figure 2, Path-only TS and UCB are nearly indistinguishable and linear, at 1.3497 and
1.3505 terminal pseudo-regret per period, exactly as Proposition 5 and the absorption argument of
Proposition 7 predict for this specification. Full-feedback TS identifies the optimal action early and
ends at 14.4; IE-Greedy forces the diagnostic action Bz and ends at 781.2. Identifying exploration
therefore avoids linear regret, but its finite-horizon cost depends on a multiplier 5 that is not
obvious ex ante: Section F.4 of the Electronic Companion varies 8 on this instance and finds the

best final pseudo-regret at g =5, with both smaller and larger multipliers substantially worse.
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8.3. Calibration against the Lower Bound

Design. The three-path instance has an infinite lower-bound constant over the full simplex, so a
finite calibration requires the four-scenario cost support of Example EC.2 on the same topology
and action set. Solving (1) gives x},(p) = 15.017 and a3, = 37.079. For this calibration only, IE-
Greedy is given the oracle multiplier 3 =7 and the identifying set { B, Bs}; since Bj is optimal
and Ap, (p) = 0.405, its forced-exploration cost is calibrated to x%,(p)logT.

(a) Linear Scale (b) Logarithmic Scale

7000 4 3504

6000 1 3001

o
o
S
3

2501
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30004

Cumulative Regret
Cumulative Regret

N
]
S
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1000 4

0 10000 20000 30000 40000 50000 102 10° 104
Period Period

Figure 3 E2: mean cumulative pseudo-regret on the four-scenario calibration instance. Left, full regret scale;

right, logarithmic period axis on a lower-bound-scale vertical range.

Results. In Figure 3, oracle-calibrated IE-Greedy tracks x},(p)logT almost exactly: at the final
horizon ﬁ(T)/(ﬂjw(p) logT') = 1.0020, with fitted logarithmic coefficient 15.040. In other words,
IE-Greedy achieves the best possible asymptotic performance on this instance. We note, however,
that this calibrates the lower-bound allocation rather than establishing adaptive achievability, since
the 8 multiplier uses the true solution. Path-only TS has lower finite-horizon regret here, ending
at 90.13, because the model-class restriction makes path observations partially informative; UCB

is far more conservative and ends at 7,078.9, visible only on the full-scale panel.

8.4. Network Families

Design. We next test whether these mechanisms persist beyond hand-built examples. The
instances in the dominated-information family are built so that the value-maximizing actions do
not reveal the confounding scenario, while a strictly suboptimal action does. The self-revealing
family instead filters random layered directed acyclic graphs until every feasible action reveals the
latent scenario through the observed path. For each network, IE-Greedy’s identifying set is selected
by MILP (EC.11) (Section D of the Electronic Companion) and verified by Lemma 1.

Results. In the dominated-information family, Path-only TS and UCB remain linear, ending near
27,000, while IE-Greedy ends at 716.5 and Full-feedback TS at 16.3. The issue of dominated
information is therefore not exclusive to the three-path example. In the self-revealing family, Full-

feedback TS and Path-only TS remain close, at 12.81 and 12.75; UCB learns more conservatively
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Figure 4 E3: mean cumulative pseudo-regret across generated layered networks, averaged over replications and

then over networks. Left, dominated-information family; right, self-revealing family.

and ends at 214.2, still below the forced-exploration cost of IE-Greedy, which ends at 544.8. The
contrast between the two panels reveals an important tradeoff centered on dominated information:
when there is none, as in Figure 4(b), T'S and UCB outperform IE-Greedy; however, these policies

cannot deal with settings where information is dominated, as shown in Figure 4(a).

8.5. All-Arc Benchmarks at Scale

Design. We use two classes of generated graphs and one real network. The generated classes are
layered graphs in the sense of Ryzhov and Powell (2011), reported in Section F.7 of the Electronic
Companion, and directed Erdés—Rényi random graphs (Erdés and Rényi 1959) with a source—
sink backbone added to guarantee feasibility. Each arc receives a baseline cost drawn uniformly
from [1,10], rescaled per scenario by an independent factor drawn uniformly from [0.35,2.20]; the
true scenario law is drawn from a symmetric Dirichlet distribution, and we sample 30 accepted
nontrivial instances per row, discarding candidates that fail feasibility or identification checks or
whose scenario-dependent oracle actions do not create a nontrivial learning problem. The policies
know the scenario support but not the true law or the realized scenario stream.

The real network is the Arizona—Mexico infiltration network of Unsal (2010) in Figure 5, an
instance of the illicit-network interdiction problems that motivate this line of work (Smith and Song
2020). It models unauthorized crossings between ports of entry along a stretch of the U.S.-Mexico
border: 38 path-relevant nodes and 109 directed arcs run from a Mexico-side entry point to a
Phoenix destination, so the interdictor allocates limited detection resources against an evader with
superior on-the-ground knowledge of realized crossing conditions. We convert the three arc-level
detection-probability vectors in the appendix of Unsal (2010) into a latent cost support through
Cka = — log(1 — @k,a)-4

4 The original description lists 39 vertices, but one is isolated and cannot lie on a source-sink path. Interpreting these
columns as latent cost scenarios is our modeling choice rather than a feature of the original study.
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Figure 5  Infiltration network near the Arizona-Mexico border, extracted from Unsal (2010). Dashed lines are

state and national borders; green edges have zero detection probability, black edges positive.

Protocol. Unlike the mechanism experiments, these runs use the full interdiction class over all
interdictable arcs: a layered graph with L = 3 intermediate layers and width w =5 has 60 inter-
dictable arcs, so its K =3 class contains 36,051 feasible sets. All rows enumerate the action class
completely and precompute the exact payoff and observation table for every action—scenario pair.?
In Table 4, regret cells report the mean final cumulative pseudo-regret on the first line and (SE; max)
on the second, computed across accepted instances after averaging over replications within each
instance; the action column reports mean |B| and Rej. the sampled candidates rejected before
acceptance. On the Arizona—Mexico network the topology and the three source-derived scenario
vectors are fixed while the scenario law varies, so Table 5 instead averages 30 streams within each
of 30 independently drawn laws and reports standard errors across the 30 law-level means.

Table 4 E4: all-arc random graph benchmark. Rows vary the budget K; columns report terminal pseudo-regret

and policy running time.

Nodes 1:;; K rri;;n Rej. Mean regret (SE; max) Policy time (s)
prob: Full-feedback TS Path-only TS UCB IE-Greedy IE-Greedy Relaxed Full-feedback TS Path-only TS UCB IE-Greedy IE-Greedy Relaxed

13.5 37.5 113.8 287.1 287.7

20 05 1 108 123 (2.3; 42.4) (9.5;193.2)  (26.0; 455.8)  (37.9; 770.6) (37.9; 770.6) 0.0088 1489  0.1154 1.873 0.0134
13.8 . . ¢ ¢

20 05 2 57k 11 (2.4; 45.8) (8.3;201.0)  (133.7; 2,572) (116.6; 3,560)  (116.6; 3,560) 0.1752 2.626  0.5507 2.036 0.1662
19.3 65.7 674.3 937.8 938.3

20 0.5 31972k 4 (2.3; 53.6) (14.4; 398.4)  (147.9; 3,600)  (98.5; 2,487) (98.5; 2,487) 5.797 8.078 7.098  7.818 5.843
30.2 105.0 863.8 1,495 1,497

20 0.5 4508M 13 (3.7; 64.7) (14.95 290.9)  (204.6; 4,890) (132.5; 3,495) (132.4; 3,495) 194.5 194.9 201.1  197.9 198.6

Results. Three patterns emerge. First, Full-feedback TS is the best informational reference in
these runs, since it observes the realized scenario. Second, Path-only TS stays close to it in many
all-arc graphs: in random graphs with K =4 it ends at 105.0 versus 30.2, on the Arizona—Mexico

network the two remain close at all four budgets, and Section F.7 of the Electronic Companion

5 The same code uses a deterministic most-vital-arcs oracle when enumeration is unavailable, but that route is not
used in the benchmarks reported here.
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Table 5 E4: all-arc benchmark on the Arizona—Mexico network. Rows vary the budget K; columns follow

Table 4.
K B Mean regret (SE) Policy time (s)
Full-feedback TS Path-only TS UCB IE-Greedy IE-Greedy Relaxed Full-feedback TS Path-only TS UCB IE-Greedy IE-Greedy Relaxed

0.37 0.37 2.29 3.43 3.43

1110 (0.090) (0.089) (0.48)  (0.60) (0.60) 0.049 1.11 0.293  0.118 0.046
0.20 0.51 1.66 12.6 12.6

2 6.00k (0.045) (0.15) (0.69) (0.52) (0.52) 0.118 0.723 0.699  0.159 0.133
0.67 1.14 19.0 26.2 26.2

3 215.9k (0.17) (0.18) (6.24)  (0.83) (0.83) 3.58 4.45 477 3.64 3.59
0.26 0.59 5.21 41.6 41.6

4 5.78M (0.076) (0.20) (2.89) (2.33) (2.33) 157.6 152.8 158.5  153.8 153.7

reproduces the pattern on layered graphs and Section F.6 plots the corresponding time paths.
Third, explicit identifying exploration is expensive at these short horizons, where IE-Greedy’s forced
diagnostic samples often dominate its regret. UCB is the most instance dependent: it remains with
one optimistic action for long stretches, which is consistent with the nearly deterministic regret
paths and small standard errors of several UCB rows, and on the Arizona—Mexico network it incurs
zero pseudo-regret for 25 of the 30 laws at K =2 and 26 at K =4, while a heavier nonzero-law tail
at K = 3 raises its mean regret to 19.0.

Interpretation. Read the running times together with the action-space column. In the random
K =4 block the mean action space exceeds five million interdiction sets, yet every simulation
finishes in roughly three minutes per instance — not because the action class is restricted, but
because the finite-support representation permits exact reuse. Once the induced path and payoff
are tabulated for each action—scenario pair, many interdiction sets share the same payoff vector
across the 10 scenarios, and UCB solves one confidence problem per distinct vector while retaining
all feasible actions and the same tie-breaking rule. Its running time is therefore governed by the

number of distinct payoff and observation classes rather than the raw action count.

8.6. Checkpoint Closures Induce Dominated Information

The all-arc benchmark uses small budgets over all arcs and leaves many routing alternatives open.
We now ask whether the same Arizona—Mexico topology can support dominated information when
the action class lets the interdictor pin the evader near the destination. This experiment replaces
the scenario construction and the action class, and its results are not pooled with those of E4.

Design. Let ¢"°(a) = —log(1 — ¢, ,). Scenario 1 uses ¢’*°; Scenario 2 multiplies the costs of arcs
(17,24) and (35,36) by 15 and 0.2, respectively, and Scenario 3 swaps these two factors.® The
feasible actions are all subsets of the 12 arcs entering the destination with cardinality at most 11,
giving exactly 4,095 actions and excluding total closure; the optimal pinning actions close 11 of the
12 entrances, so this experiment represents a near-total checkpoint closure rather than a low-budget

interdiction. The law grid p® = (1/2,1/2 —¢,¢), € € {0.01,...,0.13}, was fixed before any policy was

5 These perturbations are designed rather than measured.
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simulated and contains all positive multiples of 0.01 within the structurally certified regime. For
each grid point the swapped law ¢° = (1/2,e,1/2 —¢) is confounding: the p°- and ¢°-optimal actions
are disjoint and uninformative for separating the pair, while every informative action is strictly
suboptimal under both laws. IE-Greedy’s exact selector returns a common rank-two set of two
actions, and 8 = 230 is the smallest multiple of 10 strictly above the largest IE-Greedy threshold
of Theorem 2 on the p-grid.”

Exact Value-UCB prediction. Let BT denote the closure leaving only the entrance from node
24 open. At period 1 the confidence set is A?, so the initial index of B is maxyes) rp,k, and across
all 4,095 actions B' uniquely maximizes it, at 4.887 against 1.103 for the runner-up. Under every
constructed scenario BT induces the same path through nodes 6, 17, and 24, so it is scenario-blind
and Proposition 7 applies unchanged to the numerical specification: Value-UCB selects B in every
period. That closure is optimal under every p® on the grid, whereas under ¢° the closure leaving
only the entrance from node 32 open is optimal and Agt(¢°) > 0. Hence RYCB(T,pf) = 0 and
RYCB(T,q°) = TAgt(g°) > 0: Value-UCB is absorbed from the first decision.

[— Full-feedback TS —— Path-only TS UcB  — IE—Greedy]

(a) True law p© (b) True law q¢

20000 1
17500
15000
12500
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2500 4
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Figure 6 E5: mean cumulative pseudo-regret in the checkpoint-closure experiment, averaged over streams and

then over the 13-law grid, under the p® laws (left) and the ¢° laws (right).

Results. Figure 6 and Table 6 report both law families. Under p®, Path-only TS remains linear,
reaching 19,943.8 at 1" = 50,000. UCB remains at zero up to floating-point tolerance because it
repeats BT without identifying the latent law, while IE-Greedy pays a large front-loaded exploration
cost and then flattens, rising only from 9,204.2 at T'= 20,000 to 10,056.7 at 7= 50,000, by which
point it is below Path-only TS. The paired ¢-side runs expose the selection effect. UCB repeats the
same scenario-blind closure, now suboptimal, and grows linearly to 15,976.1, exceeding the 12,543.9

of Path-only TS; the apparent UCB success under p thus reverses when ¢ is the data-generating

"Two elements are post hoc. After observing that UCB incurred zero regret under p°, we added a paired g¢-side
run: for each law and replication the ¢ stream swaps scenario labels 2 and 3 in the corresponding p stream, with
seeds, implementations, and 8 = 230 transferred without recalibration. Since the transferred multiplier fails the g-side
threshold at all 13 grid points, the ¢ block is a fixed-parameter comparison rather than a theorem-certified one, and
we read it as a mechanism diagnostic rather than an independent validation. We also later extended both runs to
T = 50,000, reusing the original seeds and reproducing the archived trajectories through 7" = 20,000 exactly.
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Table 6 E5: checkpoint-closure benchmark. Left and right blocks report regret (SE) under the paired p® and ¢°
laws at T' € {5,000, 20,000, 50,000}; parentheses give the Monte Carlo standard error conditional on the law grid.

True law p°: Regret (SE) True law ¢°: Regret (SE)
Policy T = 5,000 T = 20,000 T = 50,000 T = 5,000 T = 20,000 T =50,000
2.33 2.33 2.33 12.6 15.4 15.7
Full-feedback TS (0.14) (0.14) (0.14) (0.63) (1.19) (1.25)
1,994.6 7,977.3 19,943.8 1,254.2 5,018.4 12,543.9
Path-only TS (2.43) (5.10) (7.94) (0.52) (1.11) (1.75)
0.00 0.00 0.00 1,597.6 6,390.4 15,976.1
UCB (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
7,915.3 9,204.2 10,056.7 2,704.2 3,151.4 3,458.6
IE-Greedy (0.00) (0.00) (0.00) (0.18) (2.75) (8.04)

law, although the policy and its parameters are unchanged. Full-feedback TS plateaus in both
families, and IE-Greedy reaches 3,458.6, below both path-only policies at the extended horizon.

Interpretation. The two Arizona—Mexico experiments isolate the role of the action class on a
common topology. Under low-budget all-arc interdiction, valuable actions provide enough feed-
back for Path-only TS to stay close to full feedback. When checkpoint closures let the interdictor
pin the evader, informative actions become value-dominated and posterior sampling can remain
trapped. Dominated information is therefore compatible with this geometry under a near-total

closure design; we do not claim it is present in measured border operations.

9. Concluding Remarks

Path-only feedback turns stochastic shortest-path interdiction from a combinatorial bandit into
a partial-monitoring problem. Because the evader’s route aggregates cost scenarios into a single
observation, distinct environments can be observationally equivalent under some actions while the
actions separating them are strictly value-dominated. This dominated information makes pure
posterior sampling and value-optimistic rules incur linear regret on the constructed instances,
whereas full feedback removes the obstruction and restores the gap-free square-root minimax rate.

The instance-dependent Lower Bound Problem gives the exploration frequencies any consistent
policy must sustain, and for the full-simplex model class it reduces to an exact finite exponential-
cone program. Making the regret-optimal allocation solvable by off-the-shelf conic solvers speaks
to an oft-noted bottleneck for adaptive defense strategies: their computational practicality at
scale (Smith and Song 2020). The Identifying-Exploration policy forces logarithmic sampling of an
identifying set to restore the right regret order on identifiable instances with a positive gap. Its con-
servatism is that it learns the entire latent distribution rather than only the relevant confounding
alternatives, so a gap between our necessary and sufficient conditions remains.

For an interdictor who observes only routes, blocking whatever currently looks most damaging
can fail to learn at all, because the blockades that reveal how the adversary responds are the ones

that look least attractive. Whether this matters is a property of the network, not of the policy,
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so the recommendation is to budget probes known to be locally wasteful. The analysis also prices
surveillance: observing realized costs converts the problem into a standard learning problem, and
the gap between the two regimes is the quantity against which additional sensing should be weighed.
Two directions seem immediate: a fully adaptive policy attaining x%,(p) without identifying the

entire latent distribution, and a strategic evader who routes so as to conceal the latent costs.
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Electronic Companion: Proofs and Computational Details

Appendix A: Proofs for the Path-Feedback Information Lower Bound

This appendix establishes the observational-equivalence obstruction, the expected path-feedback
information lower bound, and the resulting regret bound. Throughout we use the notation of
Sections 3 and 4.

One construction deserves emphasis, since the change-of-measure argument rests on it. The prob-
ability space (€2, F,PP) fixed in the Introduction carries two independent i.i.d. uniform sequences:
one generates the cost scenarios under a specified latent distribution, the other implements the
policy’s internal randomization. Feeding these sequences to the kernels m; and to the scenario
probabilities p induces a law P on the canonical space of actions, scenarios and responses, with
expectation E7. Thus P] and P} are distinct induced measures on the same measurable space, not
two names for IP. Restricted to a o-field G we write Dg(P7[|P7) and P} < P] on G; for a realization
h" of H" we abbreviate P7(h") :=P7(H" =h").

Because the cost vectors are i.i.d. and exogenous and the two primitive sequences are indepen-
dent, ¢ is independent of the past and of the randomization selecting B'; conditional on (H*~!, BY),
the observed path S* has law Pp:(p) under P7. Every history factorization below uses this.
Proof of Theorem 1. The theorem asserts that the information accumulated against ¢ must grow
at least like logT'. The proof reaches this in two steps that meet at the same quantity, the divergence
between the two experiments: Step 1 shows it equals the play-count-weighted sum of information
numbers, and Step 2 bounds it below by (1 —o0(1))logT using consistency alone. Reading the two

together gives the bound.

Step 1 (KL Divergence under Adaptive Sampling). Under path-only feedback the experiment is
a finite-armed bandit whose arms are the interdiction actions, and the two environments differ
only through the path law Pg(-). The identity below is therefore the divergence decomposition
for adaptively sampled bandits (Lattimore and Szepesvéri 2020, Lemma 15.1), with Iz(p,q) as
the per-play divergence of arm B; we derive it because the derivation is what ties it to path-only
feedback. Let (B | h) denote the probability that 7 selects B after history h, and for a realization
hT of HT let h'=! be its prefix through period ¢t — 1. The two history laws factor as

T T
Pr(h") Hﬂ (B'|h'™")Ppe st (p),  PI(h") Hﬂ (B | h* 1) Pyt st (q).
t=1 t=1
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The common policy factors and Pg(p) < Pg(q) make P7(h") > 0 imply P7(h") > 0 for every
h™; hence P; < P7 on Fr =0 (H"). Finiteness of Sp then also gives I(p,q) < +oo for every B.
Averaging the log-likelihood ratio under p then gives

|P7) . P7(hT)
D, (PZ||PT) Z]P’ hT) )log 2 B (h7)

RT:P7(hT)>0
T
() Pgt st(p)
Pl EW l )
Z P [og PBt,St(Q)]

t=1
T
(é) ZEW ]ETr log PBt,St (p) Ht_l, Bt
p PBt,St(Q)
=1 (EC.1)

n (EC.1), (a) is the definition of KL divergence for the finite history laws, the sum ranging
over the realizations hT of HT with positive probability under p; the absolute-continuity relation
established above ensures P7 (h") > 0 whenever P (h") > 0. Equality (b) substitutes the two history
factorizations, cancels their common policy factors, takes the logarithm of the resulting product and
uses linearity of expectation. Equality (c) is the law of total expectation, conditioning on (H'~!, B');
conditional on these variables the selected action is fixed and, under p, S* has distribution Pg:(p),
so evaluating that conditional expectation over S € Sp: gives (d). Equality (e) is the definition of
It (p,q), and (f) groups periods according to the selected action, using 7™ (B,T) = ZtT:l 1{B'=
B}.

Step 2 (Binary Change of Measure). We bound the divergence below through a single event whose
probability consistency pins down in opposite directions under p and under ¢, using the Bernoulli
divergence between those two probabilities. Recall the gaps A, (p) and Afm(lp )(q) of Section 3. Both
are strictly positive here, which is what licenses the two divisions below. Since B*(p) N B*(q) =0
and B*(q) # 0, the set B\ B*(p) contains B*(¢) and is therefore nonempty, so A, (p) > 0; and every
B € B*(p) lies outside B*(gq), hence is g-suboptimal, so Amu(lp )(¢) > 0. In particular neither quantity

is the empty minimum covered by the convention min () :=0. Under p, every period outside B*(p)

incurs regret at least A, (p). Hence

R™(T,p) > Auin(p) By | Y~ 77(B,T)
B¢B*(p)
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Fix 7€ (0,1) and define the event G7.:= {EBGB*@) (B, T) > fyT}. Markov’s inequality gives the

first inequality below, while the preceding regret bound gives the second:

E; [ZBeB*m) TW(B’T)} - R(T.p)
(1—-~)T T (1=)TAwin(p)

PH(GH) =Py | > m(BT)> (=T | <
BZB*(p)
Since 7 is consistent under p, R™(T,p) = o(T). The right-hand side therefore converges to zero,
so P7(G7) — 1. Under g, every action in B*(p) is suboptimal and incurs regret at least Afm(lp (q).
Thus
R™(T.q) = A (@E] | Y 7"(B,T)
BeB*(p)

Applying the same two inequalities under ¢ gives
Er {z .o T™(B T)] .
T T T 4 BeB*(p) ’ R (T q)
Py (GY) =Py | > 7T(BT)>7T| < T RONATIAY

BeB*(p) min

Since 7 is also consistent under ¢, for every € > 0 we have R™(T,q) = o(T¢). Dividing this by
the factor yT'A l(p )( ) of the preceding bound, whose only T-dependence is the factor T', gives
P7(G}) = o(T*""). Because the action counts are determined by the action coordinates of H”, the
event G7. belongs to Fr =o(H"). For u,v € [0,1], let d(ullv) denote the KL divergence between
Bernoulli laws with success probabilities 4 and v, under the standing extended-value conventions.

Partitioning the history space over this event gives

(| W% (T P;(hT) 7 (T Pﬂ(h)
D (BB 2 ST IR )log -y + S B (W) log 52 77

hTeG"Y hTe(G’Y )('

P7(G7)
P7(Gr)

2 d(P5(G7) || P(CT)

FB(CR)) log 22 o))

2P (G7)log (AR

In this display, (a) partitions the defining finite-history sum for KL divergence. Histories with zero
probability under p contribute zero under the standing convention, while the absolute-continuity
relation from Step 1 ensures that P7(h") >0 whenever P7(h") > 0. Inequality (b) applies the log-
sum inequality (Cover and Thomas 2006, Theorem 2.7.1) separately on G7. and its complement.
Equality (c) recognizes the resulting expression as the Bernoulli KL divergence. For all u,v € [0, 1], it
satisfies d(u|lv) > ulog(1l/v) —log2 (Garivier et al. 2019, Equation (11)). To obtain the logarithmic
lower bound, fix 7,e € (0,1). Since P7(G7.) — 1 and, as established above, P7(G7) = o(T™"), there
exists Ty such that, for every T' > Tp, P7(G}) > 1—n >0 and P7 (G7) <T°'. By absolute continuity
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from Step 1, the first bound implies P7(G7) > 0; hence the second bound gives —logP7(G7) >
(1—¢)logT. Substituting these bounds into the Bernoulli-KL inequality gives

d(P3(G7) || PT(GT) )>}P”T(G7)logp —log2>(1—-n)(1—¢)logT —log2.

(G”)
Dividing by log T, taking the limit inferior, and then letting | 0 and & ] 0, gives

D« (P ||PT
liminfifT( p” q)

> 1.
T =500 logT -

Substituting the identity (EC.1) of Step 1, which expresses Dz, (P7|P7) as

Y pes Br[7™(B,T)]15(p,q), into the displayed limit gives
B, )1
g s BB nlp) _
T—o0 logT

LEMMA EC.1 (Observational-Equivalence Obstruction). Suppose that Pg(p) = Pg(q) for
every B € B and B*(p)NB*(q) =0. Then every admissible policy induces the same law over observ-

able histories under p and q. Moreover, for every horizon T,
max{R"(T,p),R"(T,q)} > C, ,T

for some constant C,, , > 0 independent of T'. Consequently, no policy can be consistent over any

model class containing both p and q.

Proof of Lemma EC.1. The proof has two parts. The first shows that the two environments
induce the same law over observable histories; the second turns that into a linear regret bound. Let
m(B | h) denote the probability that policy 7 selects action B € B after observable history h. We
prove equality of the history laws by induction on . The base case follows from P} (H C=P)=1=
P7(H® = 0). Now fix t > 1 and suppose that P7(H""' =h'"") =P7(H""' = h'"") for every possible
history h'~!. Then, for every B € B and S € P(B),

Pr(H''=h'"',B'=B,S' =) YPr(H"" =h'""). Py s(p)-7(B| W'Y
SRR =h) P s(a) - (B0 (EC.2)
Opr(g' - =h'"', B'= B,S' = 9).
n (EC.2), equalities (a) and (c) factor the joint probability under p and under g; (b) applies the
induction hypothesis and Pg(p) = Pg(q), the policy factor being common to both. Since H' =
(H'=' B, S"), this covers every value of H', so every admissible policy induces the same law over
observable histories under p and ¢. The action-count vector is a deterministic function of HT', so

it too has the same law under both environments.
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We now turn to regret. Since B*(¢q) is nonempty and disjoint from B*(p), the set B\ B*(p) is
nonempty. Every action in this set has a strictly positive gap under p. Likewise, B*(p) is nonempty,
and every action in B*(p) has a strictly positive gap under ¢g. Because B is finite, the gaps A, (p)
and Amm '(q) of Section 3 are well-defined and strictly positive. Using the action-count represen-

tation of regret gives

Z Eﬂ B T AB Z EW Amin(p)a

B¢B*(p) B¢B*(p
> > EIr(BT)Ap(g)> Y EIrT(B,T) JAE P () = AB W) () ) > Eflr
BeB*(p) BeB*(p) BeB*(p)

Both lines bound each gap below by the corresponding minimum gap, both positive as just shown.
The second line first discards the nonnegative terms with B ¢ B*(p), and the last equality uses

! min{ A (p), A% P (¢)} > 0, we therefore

min

the equality of the action-count laws. Writing C,, , := 5

obtain

max{R7 (T, p), R*(T,)} 2 5 {R*(T,p) + R*(T,0)}

>Chgq > BT (BT + Y EIr(B.T)]
B¢B*(p) BeB*(p)

=C,,T.

)

The first step bounds the maximum by the average; the second substitutes the two bounds above,
whose coefficients are both at least C,,,. The final equality holds because B*(p) and B\ B*(p)
partition the feasible action set and exactly one action is selected in each period. This is the stated
bound. If a policy were consistent over a model class containing both p and ¢, then, taking a =1 in
the definition of consistency, both regrets would be o(T"). This contradicts the linear lower bound
above. [ |
Proof of Corollary 1. The argument extracts from any bounded-regret subsequence a limiting
play-count allocation and uses the information floor to show that this allocation is feasible for the
lower-bound problem. We distinguish according to whether Q,(p) is empty. If Qu(p) =0, the
lower-bound problem (1) has no information constraints. The zero allocation is therefore feasible
and has objective value zero, so k},(p) = 0. Since regret is nonnegative, the result follows.
Suppose now that Qx(p) # (. Then B\ B*(p) is nonempty: for every ¢ € Q((p), the optimal set
B*(q) is nonempty and disjoint from B*(p). Since optimal actions have zero gap,
R(Tp) _ g BB
logT BB () logT

Ap(p).

Take a subsequence (7T),),>1 along which the left-hand side converges to its limit inferior. If this

limit inferior is infinite, there is nothing to prove. Otherwise, boundedness of the regret ratio and



ecb e-companion to Borrero, Sauré and Vidal-Romero: Stochastic Shortest Path Interdiction with Path-Only Feedback

positivity of every suboptimal gap imply that each coordinate sequence E7[77(B,T,)]/logT, is
bounded. Because B\ B*(p) is finite, we may pass to a further subsequence, relabeled (7},),>1, along
which all coordinates converge. For each B ¢ B*(p), write xp := lim, o EJ[7™(B,T,)]/logT, €
[0, +00).

Fix any ¢ € Qum(p). By definition, we have B*(p) N B*(q) =0, Ps(p) < Pg(q) for every B € B,
and I5(p,q) =0 for every B € B*(p). Moreover, both p and ¢ belong to M, so 7 is consistent under
both distributions. Because each Sg is finite and Pg(p) < Pg(q) for every B, we have Pg s(q) >0
whenever Pp s(p) > 0, for every S € Sp. Thus I5(p,q) < o0 for every B. Applying Theorem 1 and

then evaluating its information ratio along (7,),>1 gives

Ex[r7(B,T)|I Ex[77(B,T,)I5(p,
| <liminf 2285 T BDIEC0) 2 pes By (B T a0
T—00 logT n—00 log T,

= > wsls(p.q)

B¢B*(p)

The second inequality holds because every subsequential limit dominates the full-sequence limit
inferior; the equality uses the coordinatewise limits defining x and the zero information of the
p-optimal actions. Since ¢ was arbitrary, © = (z5)p¢s+(p) is a finite-cost feasible allocation for (1).
Returning to the regret ratio, the decomposition above, the choice of (T},),>1, and the coordinate-

wise limits defining x give the equality below, while feasibility of x gives the inequality:

.. R™(T,p)
1 f— 7 = E A > K .
lTHi)loIol 10g T B¢B*(p) tap <p) N HM (p) "

Appendix B: Proofs for the Bayesian Learning Policies

This appendix proves the results of Section 5 in the order they appear there. We first settle the
full-feedback benchmark: Proposition 1 exhibits a two-scenario instance on which no policy beats
VT, and Proposition 2 shows that full-feedback Thompson sampling matches that rate, so the two
together pin the benchmark from both sides. We then derive the censored posterior of Proposition 3,
which is what makes path-only Thompson sampling well defined at all, and Proposition 4 gives the
Gibbs conditionals that turn it into something samplable. Finally, Proposition 5 shows that exact
path-only Thompson sampling can nonetheless incur linear regret, which is the negative result the
rest of the paper responds to.

Proof of Proposition 1. Fix a horizon T > 2. We use a fixed two-scenario interdiction instance
and compare two nearby latent distributions on its scenario support. Only the separation between
these distributions is calibrated to 7'; the network, cost support, and feasible actions are fixed

across horizons.

Step 1 (A Two-Scenario Interdiction Instance). Consider a graph consisting of two parallel arcs

a; and a, from the source to the sink, with interdiction budget K = 1. Let B; := {ay} force the
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evader onto a;, and let By :={a;} force the evader onto ay. The empty interdiction is also feasible.

In scenario 1, the costs of (ay,as) are (2,1), while in scenario 2 they are (1,2). Hence
=2,1)",  rp=(1,2)", rp=11)"

For € € (0,1/4), consider p* =(1/2+¢,1/2—¢) and p~ = (1/2 —¢,1/2+¢). Under p*, actions
B, and B, have values 3/2+ ¢ and 3/2 — ¢, respectively, while the empty interdiction has value 1.
Thus B; is uniquely optimal, By has gap 2e, and the empty interdiction has gap 1/2+¢ > 2. By
symmetry, By is uniquely optimal under p~, and every action other than B, has gap at least 2e.
Step 2 (KL Divergence between the Experiments). Let Ff := o(H"'~' B') be the o-field gen-

erated by the full-feedback history available immediately after the policy selects B!, so that it

records the first ¢ — 1 actions and scenario observations together with B!. For a realization h"~! =

(b, k.. b k) and action Y, its mass under pt or p~ factors as
t—1
]P)'n' th 1 bt H bs th 1)pk5] (bt | hF,t71)7
s=1

where the conditioning history in the first product is empty when s = 1. Evaluating these mass

functions at the random pre-decision history gives

Do (P P ) @ | T (HF+1, BY)
‘FtF( p+” p*) - ngw (HF,t—17Bt)
Og p’f
s:lpks

=(t—-1)D(@"|lp7).

Equality (a) is the definition of KL divergence for the finite pre-decision history laws, while (b)
substitutes the two factorizations and cancels their common policy factors. The final equality is the
direct-scenario-observation specialization of the adaptive relative-entropy calculation in (EC.1):
under p*, the first ¢ — 1 scenario indices are i.i.d. with distribution p*, so each completed period
contributes D(p™|p7).

For the two distributions in Step 1, the one-period divergence is

1+e 1 1_¢ 1+ 2¢
D(p*|p~) = ] ~ _e)log 2 =210
(" llp™) ( +8> 0g1 €+(2 6> 0g2+E elog 7

For = € (0,1/2), the tangent bound for the logarithm and 1 —x > 1/2 give log((1+x)/(1 —xz)) <
(1+2)/(1—2)—1=2x/(1 —x) <4x. Taking x = 2¢ therefore yields D(p™||p~) < 16¢?, and hence

Dy (P, ||P;-) < 16(t —1)e’
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Step 3 (Testing the Two Environments). By the Bretagnolle-Huber inequality (Lattimore and
Szepesvari 2020, Theorem 14.2), for any event A, P(A) 4+ Q(A°) > exp{—D(P||Q)}. Apply it to
the event {B' # B} under the two pre-decision laws; the event is measurable with respect to these

laws precisely because they include the period-t action. This gives
1
o+ (B'# B1) + Py~ (B'=B) > B} exp{—16(t —1)e*}.

Choose € = 1/(4V/T). Then 16(t —1)e? < 1 for every ¢t < T, so the sum of the two error probabilities

is at least 1/(2e) in every period.

Step 4 (From Testing Error to Regret). Under p™, every action different from B; incurs regret
at least 2e, so R™(T,p") > 2¢ ZtTZIIP’;+(Bt # B;). Under p~, playing B; incurs regret 2e, so
R™(T,p~) >2¢ Zthl P (B' = By). Adding the two and bounding each period by the testing bound
1/(2e) of Step 3 gives

T
T
R™(T,p*) +R™(T,p~) >2 Z L(B'# By) + P (Bt:Bl)]z%.

The larger of the two regrets is at least half of their sum, and ¢ = 1/(4V/T) gives €T/ (2¢) =
T/(8evVT) =+/T/(8e). Since pt,p~ € A,

sup R™(T,p) > max {R™(T,p"),R™(T,p")} >

peEAl

eT
= - -
e

L\DM—A
t5

Proof of Proposition 2. Fix p € A™~! and choose any B* € B*(p). The proof first reduces regret
to the distance between the Thompson draw and p, then bounds that distance using the posterior

variance and the error of the posterior mean.
Step 1 (Regret Is Controlled by Posterior Error). Since V(p) = rh.p, the gap satisfies Ap:(p) =

(rg« —rgt) 'p. Adding and subtracting the sampled values gives

Api(p) = (rg= —rp:) (P —P') + (rp- —rp:) P
(@)

< (rg»—rp) (p—p")
(b)
= Ilflelﬂgl(TB* —rge—al)’(p—7p") (EC.3)

(c)
< mmHTB* — gt — alll2|[p" —pll

< diam , (r)[|p" = p]2-

In (EC.3), inequality (a) follows from the optimality of B' under the posterior draw: r L, p* > rL.p".
Equality (b) uses 17 (p — p') =0, and (c) applies the Cauchy—Schwarz inequality for each a € R
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before minimizing. The last inequality follows from the definition of diam  (r) for the pair (B*, B).

Taking expectations and summing over periods,
T

R7TS(T,p) < diam, (r) Y E5(|I5 — plla)- (EC.4)

t=1
Step 2 (Posterior Estimation Error). Recall that, conditional on H*~! p’ is Dirichlet with param-
eters af + N, (t — 1), k € [m], total concentration &+t — 1, and conditional mean p’, whose coor-
dinates are pf, := (a) + Nix(t —1))/(@+t—1), k € [m]. Adding and subtracting p’, applying the

triangle inequality pointwise, and using linearity of expectation gives

B8 = plla) =B, (10 =) + (0" = p) 2] SESE(I — 5'll] + (115" — plla)-

The two terms on the right are the posterior sampling fluctuation and the posterior mean error,

respectively. Conditional on the observed counts, the sampling fluctuation satisfies

m

E[Ip —p'|3 | Ni(t=1),...,Nu(t —1)] :ZVar(ﬁk‘Nl(t—l),...,Nm(t— 1))

k=1
_ i P(1—p)
a+t

_ 1|73

a—+t

1
< —.
T a+t

The first equality expands the squared Euclidean norm and uses that p' is the conditional mean
of p'; no covariance terms appear because the norm is a sum of coordinatewise squares. The
second equality is the Dirichlet marginal-variance formula, whose denominator is one plus the total
concentration, &+ t. The remaining equality uses Y, pi =1, and the inequality uses ||p||3 > 0.
The law of total expectation and conditional Jensen’s inequality give
EC (1P =5 ll2) =E," [E[IP* = Bllz | N (t = 1), No(t = 1)]]
<ESS[(E[IF 15| Mt 1), Nt =1)]) 7]
1

a+t

For the posterior-mean term, write N (¢t —1) := (Ny(t — 1),...,N,,(t —1)). Since p* = (o + N(t —
1))/(a +t — 1), subtracting p gives p' —p=[N(t —1)— (t — )p + a® — ap]/(a +t — 1). This

identity separates a random count fluctuation from a deterministic prior-bias term. Because the

<

:

scenarios are i.i.d. with law p and their distribution is unaffected by the selected actions, N(t—1) ~
Multinomial(¢ — 1,p). In particular, each coordinate has mean (¢ —1)p, and variance (t —1)p;(1 —

Pk), SO

m

ESIIN(E=1) = (t = Dpls] = D EFS[(Ne(t = 1) = (t = 1)pe)’]

k=1
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=(t-1)1—|plz) <t-1.

The deterministic prior term satisfies ||a® — apl|s < ||a°||; + @||p||: = 2&. Applying the triangle and
Jensen inequalities to the decomposition above now gives
EZPIIN(E—1) — (¢ = Dpll2] + lla® — apll2

E, (5" — pll2] <

a+t—1
1/2 _
< (ESSIIN(E—1) = (t=Dpll3]) ™+ lla® —apll,
a+t—1

< Vi—142a

a+t—1
Combining this posterior-mean bound with the sampling-fluctuation bound gives

1 Vi1 2a
EfTS ~t <EfTS ~t =t EfTS ~t < .
p UP" = Pll] < B, ZHIP =Pl + By 216" = plla] < Z=== + 25— + 2057

Since a > 0, for t > 2 we have 1/v/a+t< 1/\/{5 and vVt—1/(a+t—1)<1/\/t—-1< V2/+/t. The
second summand is zero when ¢ = 1. Thus the first two terms are bounded by (1 ++/2)/+/t for
every t > 1. Since 1+ V2> 2, a single universal constant C > 1+ V2 also covers the factor 2 in the

prior-mass term, giving
C Ca
ETS[|5 — plla] < — + —— 2
o P = pll2] < ﬂ+@+t71
Step 3 (Summing the Posterior Error). Using Zthl t~1/2 < 2\/T, we next sum the prior-mass term.
Its t = 1 summand equals one. For each ¢ > 2, the function 1/(a + x) is decreasing in x, so its

integral over the unit interval [t —2,¢ — 1] is at least its value at the right endpoint:

o} ot 1 N de
— = —dr<a — .
a+t—1 o aF+t—1 —o O+

Summing these period-specific bounds over t =2,...,T, so that the intervals tile [0,T — 1], gives

T — T—1
d T-1 T
Ejo‘g1+a/ Y _1talog(l+——)<l+alog(1+=).
a+t—1 o a+zx o o

t=1

Substituting these two summation bounds into (EC.4), and enlarging C' to absorb the factor 2
from 23:1 t=1/2 <2V/T, yields

T
RTS(T,p) < Cdiam  (r) [ﬁ+ 1+ alog (1 + a)} :

For fixed &, the last two terms are O(v/T), uniformly over p € A™~ . Finally, if 0 <75 < Fmax,
then every coordinate of rp — rp/ has absolute value at most r,.,. Orthogonal projection cannot

increase Euclidean norm, so diam | (r) < ry.1/m. Substituting this bound proves the last claim. g
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B.1. Censored-Feedback Gibbs Representation

Proof of Proposition 3. Fix a possible realization h* = (B*,S*,... B! S*) of H', and let h*™!
denote its prefix through period s — 1. The probability of this history under p factors as

t t
Po(H =h') = [ [ (B | 1) Poe.ssp) = [ [ m(B | 1) (Z pk)
s=1 s=1

kezs
The first equality follows from the sequential construction of the history: after history h*~!, the
policy selects B® according to (- | h*~'), and the resulting path has distribution Pgs(p). The
second equality follows from the definitions of Pgs(p) and Z*. For the fixed history h’, each policy
factor m(B* | h*~') is independent of the candidate distribution p. Let f, denote the Dirichlet prior

density. Bayes’ rule and the history factorization established above give

fo(p) ﬁ (Z pk>

f) = D@BRCH =) & |
[ s =1y / fo(q)ﬁ<zqk>dq

The second equality follows because the common policy factor [['_, 7(B* | h*~') appears in both

the numerator and denominator. It is strictly positive for a possible history h' and therefore cancels.
0_

Finally, substituting the Dirichlet prior kernel [];" e " and omitting normalizing factors that

do not depend on p yields

0<Hpa’“ 1H (Z pk>, pEA™.
s=1

keZs
|

Proof of Proposition 4. The proof has four parts: we write the joint posterior kernel of (p, Z),
verify that its p-marginal is the censored posterior of (2), and then read off the two conditional
laws, the second of which we also present in collapsed form. Fix a possible realization h' of the
path-feedback history H' and a candidate assignment vector z € [m]'. By Bayes’ rule, the joint
posterior kernel of (p,Z) is the Dirichlet prior kernel multiplied by the complete-data likelihood.

The latter factors as
t
Pr(H'=h',Z=2)=]]=(B" | " ")p.s1{z" € Z°}.
s=1

For the fixed history hf, the policy factors are independent of both p and z and can therefore be

absorbed into the posterior normalizing constant. Hence the joint posterior kernel is

t m t
Hpak_l [[p-1{z"e 2z} =T pie O[] 112" € 27},
s=1 k=1 s=1
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The factor H’:le:%_l is the Dirichlet prior kernel. For each period s, p.s is the probability of
scenario assignment z°, while the indicator enforces consistency with the path observed in that
period. Moreover, n(z) is the number of periods assigned to scenario k. Hence p; appears exactly
ni(z) times in Hi:1 p.s, which gives the equality.

Before deriving the conditional laws, we verify that the augmented posterior has the censored

posterior as its marginal in p. Summing the joint posterior kernel over all assignment vectors gives

m m

> Hpak_Iszs]l{ZSEZS H Y szsll{z €2’} = H “k‘lnzpj

ze[m]t Lk=1 s=1 2€[m]t s=1 s=1jeZ*
The first equality moves the Dirichlet prior kernel outside the sum because it does not depend on
z. The second equality factors the sum over assignment vectors into period-specific sums. For each
period s, summing over the possible values of z° gives Zje zs p;- Thus the final expression is the
Dirichlet prior kernel multiplied by the censored path-feedback likelihood, and hence is exactly the
posterior kernel in (2).

We next derive the conditional distribution of p. An assignment vector that violates z° € Z*
for some s has zero posterior probability. For any compatible assignment vector, all the indicator
factors equal one. The conditional kernel of p is therefore

ﬁp22_1+n’“(2),
k=1
which is the kernel of a Dirichlet distribution with parameters af +ny(z2), k € [m)].

To derive the second conditional law, return to the joint kernel, fix s € [t], write Z~°:=(Z":r €

[t]\ {s}), and condition on p and Z~* = z~5. All factors that do not involve Z* are common across

its possible values and cancel upon normalization. Hence, for every k € [m)],

B2 =k|p, 2~ =2, 0t =) = PAFEZT _ pl{ke 2T

> pii{ie 2} 27

jEZS
This expression does not depend on z~°. Applying the law of total expectation over Z~* therefore
gives the stated conditional distribution of Z* given p and H'.

It remains to derive the collapsed conditional. Fix a compatible realization z~° and define,
for every i € [m], &; := oz? + 2 e sy 1z =14}, With 27 fixed and Z° =k, the joint kernel is
proportional to pi [[;-, pli T {k € Z*}: the factors common to all candidate values of Z* cancel
upon normalization, and the remaining assignment counts are absorbed into the exponents @&;.
Integrating out p over the simplex and normalizing over k, we obtain

1{ke 2} e [ [ dp
A1 H ad{ke 20}

Z/ ijp J;&j

jeZS

P(Z°=k|Z *=z" H' =h')=
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Because o >0 and the assignment counts are nonnegative, &; > 0 for every i € [m]. The second
equality follows from the mean formula for the Dirichlet distribution. Indeed, normalizing the ker-
nel [[7, pi*~" gives a Dirichlet distribution with parameters (d,...,d,), whose kth coordinate
has mean &/ > &;. The common normalizing integral and the total-concentration factor can-
cel between the numerator and denominator. Substituting the definition of &; and returning to

random-variable notation gives, for every s € [t] and k € [m],

(ag Y et 27 = k}) 1{k € 2°}
Sieze (004X e 127 =3})

These are the full conditionals of the marginal posterior P(Z | H'); hence each sweep leaves this

P(Z°=k|Z* H') = (EC.5)

marginal invariant and, at stationarity, the subsequent draw from p | Z, H* recovers the joint aug-
mented posterior of (p, Z) given H*. This completes the proof. -
Partially collapsed sampler. A sweep sequentially re-imputes each Z° from (EC.5); after the
sweep, a Dirichlet draw of p is taken conditional on the updated assignment vector. This differs from
alternating Z° | p and p | Z after every coordinate update. Algorithm 2 implements the partially
collapsed update. Its Gibbs step imputes each unobserved scenario within the path-compatible set

Z' and R; € Z_, denotes the number of sweeps performed before the Thompson draw in period t.

Algorithm 2 Censored Thompson Sampling with Gibbs Imputation

1: Input: horizon T, actions B, response maps {S(B,c;)}, payoffs (rp)pes, prior a®, sweep schedule R =

(R, :t €[T]), fixed tie-breaking; compatible sets (£°) and latent assignments Z start empty.
2: fort=1,...,7 do

3:  Run R, sweeps, each sequentially resampling Z*,..., Z*~1 using (EC.5). (partially collapsed)

4: Sample p' ~ Dirichlet(a +1,(Z),...,a% +n,,(Z)), where n,(Z) = 3>'_ | 1{Z° = k}.

5:  Play B' € argmaxpep y ., Pur'p,, and observe path S*.

6: Form Z'<« {ke€[m]:S(B' ¢;)=2S5"} and draw Z' € Z* with probability proportional to aQ 4+ n.(Z);
retain both for later sweeps.

7: end for

The chain can be warm-started from the latent assignments sampled in the previous period.
The latent assignments should be re-imputed rather than permanently fixed after their first draw;

treating an imputed scenario as observed would understate posterior uncertainty.

B.2. Linear Regret Under Pure Path-Only Thompson Sampling

Proof of Proposition 5. Recall from Section 4.2 that By, and Bz are the diagnostic actions,
whereas B; and B, are scenario-blind: B; always produces I'; and B, always produces I'y. The
proof exploits the corresponding value ranking in four links: interior posterior draws exclude the
diagnostic actions; observations generated by the remaining actions contribute a likelihood factor

equal to one; the posterior therefore stays fixed; and the suboptimal action is selected with a
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constant positive probability. Specifically, the value-ranking calculation in that section gives, for
every g € relint(A?), up, (q) — 1155(¢) = 9¢2 and pgp,(q) — pa,(¢) = 9gs; the same comparison holds
for By because pp,(q) = pp,(q). Since go,q3 > 0, both B and B, are strictly dominated in value
by B; and Bs, so neither can maximize ug(q) over B € B.

Let f(-):= f(- | H*) denote the path-only posterior density after period s, with f, the initial
Dirichlet density. We prove by induction that f, = fy, s =0,...,T, almost surely. The assertion
is immediate for s = 0. Suppose that f, ; = f, for some s € [T]. Because a? > 0 for every k €
[3], the draw p* belongs to relint(A?) almost surely. The value comparisons above then imply
IP’EES (BS €{B,B} | H 3*1) = 1. For either selected action, all three scenarios are compatible with
the observed path. Hence Z° = [3] and, for every q € A%, Pps ss(q) = > ez @k = Zizl qr = 1.
Bayes’ rule therefore gives

_ Jsa@Ppessla)  _ fiald)
Jaz for(W)Pps ss (u) du [xa foor(u)d

This shows that the policy selects only B; and B,.

fs(@) uzﬂq@zh@)

Consequently, at every period, p' ~ Dirichlet(a’). Let p denote a generic draw from this com-
mon law. Moreover, up, (p*) — g, (p") = 9(ph — p%). Since the Dirichlet distribution with strictly
positive parameters is absolutely continuous, the tie event {p} = p4} has probability zero. Thus
the deterministic tie-breaking rule does not affect the selection probabilities, and in every period
the sampler selects By with probability P(ps > p2). This probability is strictly positive because the
event is a nonempty relatively open subset of relint(A?) and the Dirichlet density is positive there.

Finally, the same calculation gives B*(p®) = {B;} and Ap,(p°) =9/2 — 18¢ > 0. Since the policy
selects only By and B,, action B, is the only suboptimal action it plays. Linearity of expectation
therefore gives

T

RTS(T,p7) = Ay () ERS[r™S(Bo, T)] = Ay (0°) Y BIS(B' = By) = (Z - 185) P(s > ) T.

t=1
For each fixed € € (0,1/4), both factors multiplying 7" are strictly positive and independent of T', so
RY(T,p*) = O(T). The displayed coefficient is uniformly bounded above over this instance family,
while any fixed ¢ € (0,1/4) supplies a positive lower coefficient. Hence its worst-case regret is also

o(T). ]

Appendix C: Proofs for Dominated Information and lIdentifying Exploration

This appendix proves the results of Section 6. The first two propositions establish the consequences
of avoiding diagnostic actions. Proposition 6 shows that any policy avoiding the two diagnostic

actions suffers linear regret on one of two confounded environments, while Proposition 7 shows
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that value optimism can be absorbed at scenario-blind actions and never reach them. The sub-
sequent results develop the identification conditions and regret guarantee underlying Identifying-
Exploration Greedy: Lemma 1 equates identification over a convex model class with injectivity
on its direction space, Corollary 2 specializes this characterization to the full simplex and gives
a left-inverse certificate, and Theorem 2 uses the identifying operator to bound the regret of
Identifying-Exploration Greedy.
Proof of Proposition 6. Under either environment, action B; always produces I's, whereas B,
always produces I';. Hence Pg 5(p°) = P s(q°) for every B € { By, By} and S € Sp. By assumption,
the policy never selects By or Bz. Therefore, the induction in the proof of Lemma EC.1, specifically
(EC.2) restricted to the support {By, By} of the policy, shows that P7.(H" = h') = P7.(H* = h)
for every possible history h' and every t € [T]. Since 77(B;,T) is determined by H”, it follows
that E7. [77(B;,T)] = E7.[t7(B;, T)], i € {1,2}. Moreover, because the policy only plays B; and B,
these two expected counts add to T" under either environment.

Under p, the unique optimal action is Bj, and the regret gap of By is Ap,(p°) =9/2 — 18¢.
Under ¢¢, the unique optimal action is By, and the regret gap of B; is the same. Therefore, using

the equality of the count laws,

p

R™(T,p°)+R™(T,q°) = <g — 185) (IE”E [T (B, T)] +E7. [T’T(Bl,T)]) .

The term in parentheses equals T. At least one of the two regrets must therefore be at least half

of this sum:
9
maX{RW(T,pS),RW(T, qa)} > <4 - 98) T.

Because € € (0,1/4), the coefficient is strictly positive. n
Proof of Proposition 7. Fix p € M. We prove by induction that B € BY,y for every t € [T],
with probability one under p. At ¢t =1, no action has been sampled, so no empirical constraint is
imposed and ©; = M. The maximizing step therefore gives B € BYg.

Now fix ¢ > 2 and suppose that every action selected through period ¢t — 1 belongs to BY, 5. Each
sampled action B is then scenario-blind over M, so every observation generated by B equals Sg

with probability one. Thus, for every sampled B, every S € Sg, and every ¢ € M,
Py s(t—1)=1{S =Sy} = P s(q).

It follows that | Mpq— Pg(t—1)||l. =0 < radp(t) for every ¢ € M and every sampled B, and hence
©; = M. The Value-UCB optimization at period t is therefore the initial optimistic optimization
defining BY, g, so B € BY, 5. This completes the induction; in particular, the empty-set fallback is

never invoked.



ecl6 e-companion to Borrero, Sauré and Vidal-Romero: Stochastic Shortest Path Interdiction with Path-Only Feedback

If BYp is a singleton with unique element B, the preceding result gives 7V°B(B,T) =T with
probability one. The action-count representation of regret then yields RV“B(T,p) =TAz(p). m
Proof of Lemma 1. We prove both directions by contraposition. Suppose first that £ is not
identifying over M. Then there exist distinct p,q € M such that Mpp = Mpq for every B € £. The
nonzero difference v = ¢ — p belongs to Vy, satisfies 1Tv =0, and obeys Mzv =0 for every B € £.
Hence Mev =0, so the restriction of Mg to V, is not injective.

For the reverse contraposition, suppose that there exists a nonzero v € ker(Mg) N Vy,. By the
definition of V4, write v = Z;le &(p¥ —q@) for some p@, ¢ € M. By swapping p and ¢ when-
ever & < 0 and replacing ; by |£;|, we may assume that & > 0 without changing this representation.

Because v # 0, we have Zile & > 0. Define

L &p® b
CoTLe T Xlhe
Convexity of M gives p,q € M, while v = (Z;jzl &)(P—q) and v # 0 imply p # q. Moreover,
Mpv =0 gives Mgp = Mpgq for every B € £. Thus £ is not identifying over M, proving the stated
equivalence.

When M =A""1 VYV ={veR™:1Tv=0}. Because 1" is the final row of Mg, every vector in
ker(Mpg) already belongs to V. Consequently, ker(Mg) N Va = {0} if and only if ker(Mg) = {0},
equivalently, if and only if Mg has full column rank m. m
Proof of Corollary 2. By Lemma 1, £ is identifying over A™~! if and only if Mg has full
column rank. This holds if and only if M¢ admits a left inverse. Partitioning any such left inverse
according to the row blocks (Mp)pece and 17 gives matrices (Wp)pee and a vector wy satisfying
> pee WeMp+wol" =1,. Conversely, if these blocks satisfy the identity, their conformable block
matrix is a left inverse of Mg. Hence Mg has full column rank, and Lemma 1 implies that £ is
identifying over A™~1, n
Proof of Theorem 2. The proof has five steps. We first count the forced-exploration plays and
show that every greedy mistake requires a fixed estimation error. We then use identification to
translate latent-law error into empirical path-frequency error, apply Hoeffding’s inequality to the

forced samples, and assemble the two regret contributions.

Step 1 (Forced-Exploration Count). Fix B € £. If B is never selected for forced exploration, then
(B, T) = 0. Otherwise, let t <T be its last forced-exploration period. Then 7(B,t — 1) < g;,
and integrality of both quantities implies 7¢(B,t) < g, < gr. No subsequent period increments this

counter, so 7¢(B,T) < gr. Therefore, the total forced-exploration regret is bounded by

gr Z Ap(p).

Beé&
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Step 2 (Mistakes Require Estimation Error). Suppose that at a greedy period ¢, the action selected
under p'~! is some B ¢ B*(p). Choose B* € B*(p) attaining the inner minimum in the definition
of p.(p). Then (rp« —rp) 'p'~' <0, while (rp« —7p)"p=Ap(p) > Apin(p). Subtracting these two
inequalities gives

(re=—78) (P—D"") = Awmin(p).

Applying Cauchy—Schwarz gives (rg« —7g) " (p—p'™1) <||rp+ —rgll2 [P~ — pll2- Its left-hand side
is at least Apin(p) >0, so ||rg« —rp|l2 > 0. Using the choice of B* in the definition of p.(p), we

obtain

_ Amin p Amin p
15"~ = pll2 > B) _» Brinlp)
[re- =75l — p(p)

Thus a greedy mistake can occur only if [|p"™! — plla > Awnin(p)/p«(p).

Step 3 (Least-Squares Stability under Identifying Feedback). We next relate this estimation error to
empirical path-frequency errors. Recall that g, is the infimum of || Mgv||; over unit vectors v € V.
It therefore measures the smallest change in the stacked path probabilities generated by a unit
perturbation allowed by the model class. By Lemma 1, identification implies Mgv # 0 for every
nonzero v € V. Hence || Mgv||2 is strictly positive on the unit sphere of V. Since this sphere is
compact and the norm is continuous, the minimum defining o, is attained and is strictly positive.

Applying its definition to v/||v||2 for every nonzero v € V gives
1

[v]ls < —[|Mgvll2, Vv EVar
e

The case v =0 is immediate. For any g € M, the difference ¢ — p belongs to V. Applying this
bound to v =¢ —p and using 17 (g —p) =0 gives

1/2
llg—pll> < *HMs(q p HQ—* (ZHMB q—p ||2) : (EC.6)

=£ \Be¢
By construction, p'~! is selected as a minimizer of the least-squares problem over M, so p'~! € M.
The theorem assumes p € M; hence (EC.6) applies with ¢ =p'~!. At a greedy period ¢, every B € £
has at least g, > Slogt forced-exploration samples by time ¢t — 1. Let eg(t — 1) := P};e(t —1)— Mpp
denote the forced-exploration path-frequency error for action B, namely, the difference between the
empirical frequencies of the observed paths and their true probability vector Mgp. By optimality
of the least-squares estimator and feasibility of p,
D ollest=1) =M@ =p)I3< D leslt =13 (EC.7)
Be& Be€

Expanding each squared norm on the left,

les(t—1) = Mp(E'" —p)llz=lles(t =2 —2es(t — 1) Mp(p'™" —p) + | Ms (" —p)l3,
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substituting this expansion into (EC.7), summing over B € £, and cancelling the common term
> pee lles(t—1)|3 gives the first inequality below. Applying the Cauchy-Schwarz inequality to the

sum over B gives the second:

Do IMp( T =p)lF<2) en(t—1)" Mp(p" —p)

Be& Be&
1/2 1/2
sz(z||e3<t1>||s) (DrMB(ﬁ—lp)H%) |
Be& Be€&

If the last square-root factor is zero, the desired bound is immediate; otherwise divide by it to
obtain

1/2 1/2
(Z\IMB(ﬁH—p)Hi) S2<ZH63(75—1)H§> : (EC.8)

Be& Be&

Combining (EC.6) and (EC.8) gives

1/2
_ 2
[z 1—P\2§0<Z||€B(t—1)||3) :
=€ \Be¢

Set the proof threshold e, := g¢Awin(p)/(20.(P)V/IE]). If |les(t — 1)||2 < &, for every B € &, then
PP — pll2 < Amin(P)/p«(p). Therefore, a greedy mistake at ¢ can occur only if |[eg(t —1)|2 > &,
for some B € £. Applying the union bound over &£ gives

PI¥ (¢ is a greedy period and B' ¢ B*(p)) < ZP;E(HeB(t— )2 >e.). (EC.9)

Be€

Step 4 (Concentration of Path Frequencies). For a fixed B € £, the forced-exploration observations
used to construct ﬁge(t —1) are i.i.d. categorical samples with distribution Mpgp. Although the path-
specific counts N ¢(t) are random, the schedule depends only on their totals 7°(B,t). Since only
forced plays increment these totals, the deterministic thresholds g; and fixed ordering determine,
by induction on ¢, the forced-play schedule, the greedy periods, and each sample size 7'¢(B,t —1)
independently of the realized paths. This permits the direct Hoeffding bound below. For each path
S € Sg, the coordinate ﬁ§ s(t—1) is therefore the empirical mean of 7%(B,t— 1) Bernoulli random

variables with mean (Mpp)s. Hoeffding’s inequality gives, for every s >0,
P’ (‘ﬁée,s(t —1)- (MBp)S‘ > s) <2exp(—27°(B,t —1)s°).

Indeed, if every coordinate deviation were smaller than e./1/|Sp|, then the squared Euclidean
norm would be smaller than |Sg|e?/|Sg| = 2. Therefore, applying the union bound over S € Sp

and Hoeffding’s inequality with s =¢./\/|Sg| gives

~ ~ Ex
P <||P{§(t— 1) — Mgpl) Zs*) <>y PP (‘P,f;s(t— 1) — (MBp)S‘ > >

SeSp V |SB‘
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27 (B, t —1)e?
< 2|Sp|exp (_T(7)€*>

Sz

Since |Sp| < Smax and 7¢(B,t — 1) > Blogt at greedy periods,
PE(||PE(t—1) = Mpplls > £,) < 2t~ 205 omax, (EC.10)
Substituting (EC.10) into (EC.9) and summing the |€| resulting terms gives

PIF (¢ is a greedy period and B' ¢ B*(p)) < 2|&|Smax $20% sma

Step 5 (Regret Assembly). The condition imposed on (3 gives 28e?/sp.x =
B2Amin(D)?/(28max|E]p«(p)?) > 1, so the sum over ¢ is finite. Greedy mistakes therefore contribute

at most the finite constant

P - *Qﬁfz/smax
C(p,&,B) = I]gggAB(p)Zﬂg!smaxt :

t=1

Adding the forced-exploration regret to the regret from greedy mistakes gives

R™(T,p) < gr 3 Anlp) + C(p.E.8),

Be€&

which is the stated bound. Since gr = max{1, [flogT|} and C(p,&, ) does not depend on T', the
right-hand side is O(logT). n

Appendix D: Selecting a Low-Cost Identifying Set

Theorem 2 holds for any identifying set, but its leading forced-exploration term depends on the
selected actions. Over the full simplex, Corollary 2 therefore yields an exact formulation for select-
ing a minimum-cost one. Directly activating each reconstruction block introduces the bilinear
product ypWg; for computation, we use the equivalent bounded MILP below. Given nonnega-
tive selection weights {p—for example, {5 = Ap(p) when the objective is to minimize the leading
forced-exploration regret—Ilet yp indicate whether action B is selected, set W"** :=1 and W™ :=

(m —1)m=1/2 for m > 2, and solve

min V4 EC.11
e R Bze;g BYB ( )
s.t. ZWBMB+w01T:Hm’
BeB
— W™ yp < (Wp)is <Wi™yp,  VBEB, i€m], S €Sp.

The coefficient bounds force W = 0 whenever yg = 0, so every feasible solution supplies a left-

inverse certificate supported on {B:yp = 1}, which is identifying by Corollary 2. Conversely, let
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£ be identifying and select m linearly independent rows of the binary matrix Mg. The resulting
square matrix has a nonzero integer determinant, whose absolute value is at least one. The cofactor
formula and Hadamard’s inequality therefore bound every entry of its inverse by W in absolute
value. Padding this inverse with zero columns produces a feasible certificate supported on £. Hence
(EC.11) selects a minimum-cost identifying set.

For restricted model classes, the implementation applies the analogous rank certificate to a basis
of YV, omitting the normalization row and reducing the identity dimension to dim(V,). Each

returned set is independently verified using the injectivity condition in Lemma 1.

Appendix E: Proof of the Finite Exponential-Cone Reformulation

This section proves Theorem 3 through the three reductions introduced in Section 7: covering the
alternative set by finitely many challenger cells, replacing each strict cell by its closed relaxation,
and dualizing the resulting cellwise information problem. We state the required results in this
order, combine them to prove the theorem, and then provide their proofs.

Setup and notation. We retain the full-simplex specialization and abbreviations Q(p) :=
Qam-1(p) and K*(p) := K,n—1 (p) from Section 7. We assume B\ B*(p) # 0; otherwise Q(p) =0 and
K" (p) =0.

For each challenger B’ ¢ B*(p), define the strict challenger cell

MB*q:PB*(p)a VB*EB*(])),
Qp/(p):=<qeA™ " : (rp—rp<) q>0, VB* € B*(p), .
(Mgq)s >0, VB e B, VS €S with Pg s(p) >0

The cell matches the path laws of the p-optimal actions, makes B’ strictly preferable to each of
them, and enforces the support condition for finite path-feedback information. A decision-changing
alternative may have several optimal challengers, but any one of them indexes it. The first reduction

is therefore the following finite cover.

ProrosiTiON EC.1 (Finite Cover by Challenger Cells). Under Assumption 1,
om = |UJ 2w
B'eB\B*(p)
Each cell is convexr and described by finitely many affine equalities and linear inequalities, with

strictness only in the challenger and support conditions.

We henceforth retain only the nonempty cells and write C(p) := {B’ € B\ B*(p) : Qp:(p) # 0}.
The strict challenger and support conditions mean that these cells need not be closed. For each

B’ € C(p), define the closed relaxation

Cl QB/(p) = {q S Am71 . MB*q: PB*(p)7 (T’B/ —TB*)Tq Z 0, VB* S B*(p)} .
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This relaxation weakens the challenger inequalities and drops the strict support conditions. For

z eREVE®) et

Yp(z):= min > xpD(Ps(p)l|Mpq).

€ W) b )

Thus ¥p/(z) is the minimum information generated by allocation x over the closed cell. The
minimum exists because the cell is compact and the objective is lower semicontinuous. We use
the closed convention 0- D(Pg(p)||Mpq) =0, even when the divergence is infinite. Moreover, 5/
is concave because it is the pointwise infimum of functions that are linear in . The next lemma
shows that passing to the compact relaxation does not change the worst-case information, which

is needed for both attainment and duality.

LEmMA EC.2 (Closure of the Cellwise Infimum). For every B’ € C(p) and x € ]RB\B ),

inf Y apD(Ps(p)|Mpq) = ().

€25 ®) perp)

The cover and closure result reduce the original continuum of information constraints to one concave

superlevel constraint per nonempty cell.

ProprosITION EC.2 (Cellwise Form of the Lower-Bound Problem). Under Assumption 1,

k*(p)= inf Z rpAp(p) e (z)>1 VB €C(p) ¢,

zeRf\B*(P) BEB ()
with k*(p) =0 when C(p) = 0.

It remains to dualize each ¥ /. This step requires a constraint qualification for the inner cellwise

problem.

AssumpTION EC.1 (Relative Slater Condition). For each B’ € C(p), there exists a point § €
relint{g € A™': Mp«q= Pp+«(p), VB* € B*(p)} such that (rp: —rp<)" G >0 for every B* € B*(p),
and (Mgpq)s >0 for every B € B and every S € Sg with Pg s(p) > 0.

This is the relative Slater qualification used below to establish strong duality and dual attain-
ment. For each B’ € C(p), introduce Ap/ 5 s > 0 for B ¢ B*(p) and S € Sg, np' g+ s € R for B* € B*(p)
and S € Sp+, and vp g >0 for B* € B*(p). Define

‘I)B’(%)\B’»UBUVB'I Z ZPBS |:xBlog)\$,+xB:| Z ZPB*S UB'B*Sa

B¢B*(p) SESR: B*eB*(p) SESp=*
PB s(p)>0

(EC.12)
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where the logarithmic perspective uses its closed extension at xp = (0. The dual-feasibility con-

straints are

Z AB/,B,S(B,e) T Z nB’,B*,S(B*,ck) +vp (T — TB*)k] <0, k€ [m]. (EC.13)

BgB*(p) B*eB*(p)

Variables Ap/ p s with Pg s(p) =0 remain in (EC.13) but do not enter (EC.12).

ProprosiTION EC.3 (Cellwise Dual Representation). Fiz B’ € C(p). Under Assump-

tion EC.1, for every x € RB\B )

Yp(r)= max Ppi(z,Ap,np,Vp)

AB”"B/*VB/

subject to (EC.13), Apr s >0, vp g« >0, and np p« s €R.

Proof of Theorem 3. By Proposition EC.2, the LBP has the cellwise constraints ¢ g/ (z) > 1 for all
B’ €C(p). Fix B’ € C(p). By strong duality and dual attainment in Proposition EC.3, this constraint
holds if and only if there exist dual-feasible (Ag/,np/,vp/) satisfying ®p/(x, A/, npr,vp) > 1. Thus
duality eliminates the inner minimization over ¢, while attainment replaces the dual maximization
by the existence of an above-threshold certificate.

It remains to represent this certificate conically. The only nonlinear terms in ®p are
xplog(Ap gs/xp). For >0, (u,z,\) € Keyp is equivalent to u < xzlog(A/z); at =0, its closure
gives u <0 and A > 0. Suppose first that the B’-block of (3) is feasible. Its unit-threshold and

exponential-cone constraints give

(a) (b)
1<Z ZPBS UB/BS+$B +Z Z PB* 77B’B*S<(I)B’($ )\B’ ne’, VB’)
B¢B*(p) SESR: B*eB*(p) SESp*
Pp s(p)>0

Here (a) is the block’s unit-threshold constraint, while (b) follows by weighting each cone inequal-
ity up' s < zplog(Ap ps/xp) by Pgs(p) and summing. The remaining block constraints are
precisely the dual-feasibility constraints. Hence the block provides the required dual certificate.

Conversely, take a dual-feasible certificate with &5 > 1. We lift this certificate to the conic
program. Finiteness of ®p gives Ap/ g g > 0 whenever zp > 0 and Pg g(p) > 0. Set up ps =
xplog(Apr p.s/rp) when zp >0 and up g g :=0 when x5 = 0. The cone constraints then hold with
equality or by their boundary convention, respectively. Dual feasibility supplies the linear block
constraints, and the unit-threshold constraint is exactly @z > 1.

Because C(p) is finite and the certificate variables are indexed by cell, these constructions can be
made simultaneously. The cellwise and conic programs therefore have the same feasible vectors x

and the same objective, so their optimal values coincide as extended reals. Finally, the remaining
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constraints and objective are linear and K.y, is convex, making (3) a finite convex conic program.
|

We now prove the auxiliary results in dependency order.

Proof of Proposition EC.1. For C, fix ¢ € Q(p) and verify the three defining conditions. First,
the information inequality gives Iz (p,q) > 0, with equality exactly when Mpq = Pg(p) (Cover and
Thomas 2006, Theorem 2.6.3); hence the zero-information condition gives Mp+«q = Pp+(p) for every
B* € B*(p). Second, disjointness makes any B’ € B*(q) lie outside B*(p) and every B* € B*(p)
strictly suboptimal under ¢; hence 7},q > 75.q. Third, because each response set is finite, absolute
continuity gives (Mpq)s >0 whenever Pg ¢(p) > 0. Therefore g € Qp/(p).

For D, fix g € Qp/(p) for some B’ ¢ B*(p). Its observation equalities give zero information for
every B* € B*(p). Because each response set is finite, its support inequalities give Pg(p) < Pg(q)
for every B. Its strict challenger inequalities make the optimal sets disjoint. Assumption 1 then
rules out zero information for every action, so all the conditions defining Q(p) hold. Hence ¢ € Q(p).
This proves the union. Each cell is convex as the intersection of the simplex with finitely many
affine equalities and linear strict inequalities. ]
Proof of Lemma EC.2. Write F,(q) := " pyp-(,) 5D (P5(p) || Mpg) under the closed convention
above. Since Qp/(p) C clQp/(p), ¥p(z) < infieq ) Fre(q). If ¥p(z) = +00, every point of the
closed cell, and hence of the strict cell, has infinite value, so equality follows.

Suppose instead that 1p/(x) < 400, and let ¢ € cl Qp/(p) attain this minimum. Choose ¢ €
Qp/(p), which exists because B’ € C(p), and set gy := (1 — 0)g + g for 6 € (0,1). For every B* €
B*(p), linearity gives Mp«qy = (1 — 0)Pg«(p) + 0Pp«(p) = Pp«(p) and (rp —rp«) " qo=(1—0)(rp —
rp«)'q+0(rgr —rp<) G > 0. Likewise, for every B € B and S € Sg with Pg 5(p) >0, (Mpge)s =
(1-0)(Mpq)s +60(Mgq)s > 0. Together with convexity of the simplex, these relations give gy €
Qp/(p); moreover, go — q as 6 ] 0.

Because F,(q) < 400, every action with xp > 0 satisfies (Mpg)s > 0 whenever Pg g(p) > 0, so
its divergence is continuous at q. Terms with xg = 0 vanish by convention, and the action and
response sets are finite. Hence F,(qy) — F,(q) = ¥p/(x). Since every gy belongs to the strict cell,
infeeo,, (p) F2(q) <tp(z). Combining the two inequalities proves the result. n
Proof of Proposition EC.2. Fix z € Rﬁ\B*(”) and write F3(q) 1= > pape () T8 D(Ps(p) | Mpq).
By (1), x is feasible for the original LBP precisely when F,(q) > 1 for every g € Q(p). The finite
cover in Proposition EC.1, the definition of C(p), and Lemma EC.2 give

F.(q)>1 VqeQ(p) — ian( )Fx(q) >1 VB eC(p) < vp(x)>1 VB €C(p).
qeLpr(p
Thus the original and cellwise programs have the same feasible allocations; their objectives are
identical, proving the stated formulation. If C(p) = @), Proposition EC.1 gives Q(p) =0, so the LBP

has no information constraints and z =0 yields «*(p) = 0. n
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Proof of Proposition EC.3. Fix B’ €C(p) and z € RE\B*(”). To separate the logarithmic diver-
gence terms from the latent law ¢, introduce the auxiliary path probabilities zp s = (Mpq)s for

B ¢ B*(p) and S € Sp. By the definition of ¢l Qp/(p), ¥p/(z) is the minimum of

Z Z rpPp s(p) 1ng

BEB*(p) SESp “B,s
subject to (i) zp,s = (Mpq)s for B ¢ B*(p) and S € Sp; (ii) Mp«q = Pp+(p) for B* € B*(p); (iii)
(rgr —rp«)"q >0 for B* € B*(p); and (iv) ¢ > 0. No separate normalization constraint is needed:
summing the rows in (ii) gives 17¢ = 1. Associate A\p/ s, N5/ p*.s, and v g« >0 with (i)—(iii),
respectively, written as zp s — (Mpq)s =0, Pp+ 5(p) — (Mp~q)s =0, and —(rp —rp«)"q <0; con-

straint (iv) remains in the domain. Since (Mp)s, = 1{S(B, cx) = S}, define the resulting coefficient

a/B’,k:: Z AB/,B,S(B,(:]C)—’_ Z [nB’,B*,S(B*,Ck)+VB’,B*(TB/_TB*)/€:| N ke [m]
B¢B*(p) B*eB*(p)

Collecting the ¢-terms then gives the compact Lagrangian

P m
L(q,z) :Z Z zpPp,s(p)log & + Ap.BsZp,s + Z Z Pp+ s(p)np .55 — ZGB',ka-
=1

B,S
z
B¢B*(p) SESp B.5 B*eB*(p) SESp« k

The minimization over z is coordinatewise. Fix B ¢ B*(p) and S € Sp. If x5Pp s(p) > 0, differen-
tiation gives the minimizer z = x5 Pp s(p)/Ap/,5,s when Ap/ g s> 0; if xpPg s(p) =0, the closed

perspective has value zero for every Ap/ g ¢ > 0. Hence

s(p)

P A s
inf {wBPB,s(p) log =22 /\BaB,sz} = Py s(p) [:r:B log 25 4 g
220 z Tp

for Apr g > 0. When z5Pp s(p) >0 and A/ s =0, both sides equal —oo; negative multipliers
also give value —oo and may be excluded. Similarly, minimizing the last term over (iv) gives, for

each k,
apr i <0,

0
inf{—ap gt =1 "’
quO{ B ,ka} {oo, apr > 0.

Combining the two coordinatewise minimizations gives

qzior,lfzoL(q’ ?) = {?ilo(,x7 At v (/}f};ei\(f)i’sey.y = =0T

The conditions aps j <0 are precisely (EC.13). Hence maximizing this infimum over the multipliers
gives the dual problem stated in the proposition. Finally, Assumption EC.1 provides a relative-
interior feasible point in the effective domain of the primal objective. Strong duality then gives
equality of the primal and dual values (Rockafellar 1970, Theorem 28.2), and the existence of a
Kuhn-Tucker vector gives dual attainment (Rockafellar 1970, Corollary 28.4.1). n
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E.1. Detecting Challenger Cells

The conic program needs a block only for challengers in C(p). Replacing every strict inequality by

a common margin ¢ yields the following linear test. For each B’ € B\ B*(p), consider

max o
q,9
st. ge A™Y
Mp+q = Pg=(p), VB* € B*(p),
(rp —T'B*)TQZ(S, VB* € B*(p),
(MBQ)3257 VBEB, VSGSB with PB’S(p)>O.

Its optimal value is positive if and only if Qp/(p) # (). Indeed, a feasible point with § > 0 belongs to
the strict cell; conversely, any point in the strict cell admits a positive d equal to the minimum of
its finitely many strict margins. The test therefore identifies C(p). A positive optimizer also satisfies
the strict challenger and support requirements of Assumption EC.1; relative-interior membership

in the affine set fixed by the optimal-action observation equalities must still be verified separately.
E.2. Two-Path Check of the Reformulation

This two-path instance checks the two least transparent steps of the reformulation: closing a strict

challenger cell and constructing its dual certificate.

ExampLE EC.1. Take M = A! and consider two parallel source-sink paths T'; := {a;}, i = 1,2,
with interdiction budget K = 1. Their costs under two scenarios and the latent distribution are

C1 Co
21 p=(1/32/3).
)1 3

Write By := 0 and B; := {a;} for i = 1,2. The expected values of (Bj, Bs, By) under p are
(7/3,4/3,1), 50 B*(0) = {B1}, Ap,(p) =1, and Apy(p) =4/3.

For ¢(y) := (y,1 — y), the expected values are ug, (¢(y)) =3 — 2y, pp,(q(y)) =1+ y, and
K5, (q(y)) = 1. Thus B, displaces the action optimal under p exactly when y > 2/3. Actions B;
and B, each leave one path available and carry no information about y. Under By, ordering paths
as (I'g,Ty) gives Mp,p=(1/3,2/3)" and Mp,q(y) = (y,1 —y)". The support condition excludes
y=1,so

Qp) = s, (p) ={ay) :y € (2/3,1)}.
Only B, distinguishes these alternatives. Its information number is D((1/3,2/3) ] (y,1—y)), whose
derivative (y —1/3)/(y(1 —y)) is positive on the challenger cell. The least informative alternatives

therefore approach the excluded boundary y | 2/3. Denote the boundary information by

1
Do =D ((1/3.2/3) [ (2/3,1/3)) = 5 log 2 ~0.231049.
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The LBP reduces to minimizing xp, + (4/3)xp, subject to x5, Diwo > 1, and hence

L1 () = 14
50T Do’ WP T 3D T log2

~b5.771.

* —_—
ng — 07

Thus information must be bought through the suboptimal diagnostic action By, and the cellwise

minimum is attained only on the closure of the strict cell.

Conic verification. Only By has a nonempty challenger cell. Suppress its common index B’ = B,

write x := zp,, and set

—_ — — — J— x
rp, =0,  Apyr, =3,  Aper, =22,  Ap,r, =0, N r,=-% v =3

Using the response map above and 75, —7p, = (1,—2) T, both dual-feasibility inequalities hold with

equality. Setting each up g to its logarithmic-perspective value gives the certificate value
1 12 .1 _
z|zlog;+3log2+1| —zx=x-3log2=1Diy,,

so the conic constraint is Dy, > 1 and recovers the direct solution. At the optimum, Ag, s =
Tp, Ppy.s(p)/(Mp,q(2/3))s for S € {T';,T'2}: the dual multipliers equal the exploration weight times
the likelihood ratios against the boundary challenger.

Appendix F: Numerical Specifications and Additional Results

This section of the Electronic Companion follows the order in which the numerical material first
appears in Section 8. It specifies the Value-UCB rule, records the IE-Greedy estimator variant
and implementation details, reports the exploration-multiplier sensitivity, defines the lower-bound
calibration instance, and closes with the layered-network study. All results use the experimental
protocol of Section 8: shared scenario streams across policies within each replication, mean cumu-
lative pseudo-regret as the performance measure, and the symmetric prior a® = (1,...,1) for the

Thompson sampling policies.

F.1. Path-Only Value-UCB Specification

The UCB curves in Section 8 use a value-optimistic policy adapted to path-only feedback. It
instantiates the usual confidence-set optimism principle for structured and linear bandits (Dani
et al. 2008, Rusmevichientong and Tsitsiklis 2010, Abbasi-Yadkori et al. 2011), except that the
confidence object is the distribution of the observed path: after playing B the leader sees one of
the paths in Sp, not the latent scenario, and Mp maps a latent law ¢ to the induced path law
Mpq.

Fix 6 € (0,1). Let Npg(s) count the times B has produced path S through period s,
and define the play count 7V“%(B,s) := Y g5, Nps(s). When 7VF(B,s) > 0, set Pg s(s) ==
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Algorithm 3 Path-Only Value-UCB Used in the Numerical Experiments

1: Input: horizon T, B, M,(Mg)pes, (75)ses,9, Tret, Wo; Np,s(0) <=0 and Ug(1) < sup, o, r5q for all
B,S.

2: fort=1,...,T do
3. ift=1or (t-1)=0 (mod Tre) then
4: Compute Pg(t—1) and radg(t) for each sampled B. (confidence refresh)
5: Set w, to the first w € Wy with ©,(w) # 0; if none exists, set w, + 2maxW, and double until
O, (wy) # 0; record ext, < 1{w, & Wy 1.
6: Set Up(t) = SUp,ce, (w,) T54 for every B € B. (value optimism)
7. else
8: Set Ug(t) + Up(t—1) for every B. (reuse)
9: end if
10:  Play B* € argmaxpge Ug(t), observe path S*, and increment Np: g¢.
11: end for

Counts not named in a step are carried forward unchanged. ext; is a diagnostic only and does not affect the play.

N 5(s)/TV“B(B, s). The decision at ¢ uses only counts through ¢ — 1; for sampled actions, radz(t) :=

V/21og(t|B||Sz|/8)/TUCB(B,t —1). For an inflation factor w > 1, the confidence set is

O, (w) == {q €M :||Mpq— Pg(t—1)||s <wradg(t) for every B with 79°B(B,t—1) > O}.

Unsampled actions impose no constraint. In the implementation, the radius constant is 2, § = 0.05,
optimistic values are refreshed every T,.; = 25 periods, and Wy, = {27 : j =0,...,8} is the base
inflation grid. At each refresh the code takes the first w € W, with O;(w) nonempty, doubling
the largest inflation until feasibility is restored if none is, and records whether the base grid was
extended. This terminates whenever M is nonempty, since the residuals are bounded and every
sampled action has a positive radius; no reported run required an inflation outside the base grid.
The policy uses an exact argmax without an additional forced-exploration step. The numerical
implementations use their recorded solver tolerances and experiment-specific tie rules.

The rule stays value-driven: a diagnostic action is sampled only when it is optimistic for some law
in ©;(w), so dominated-information instances can leave such actions unplayed while self-revealing
instances learn from paths generated by valuable actions. This specification makes the generic radii
of Section 6.2 concrete and adds radius inflation and periodic index reuse; under the hypothesis
of Proposition 7 these choices are immaterial, since every refresh gives ©,(w) =M for every w > 1

and reuse preserves the initial indices, so the absorption argument applies unchanged.

F.2. The IE-Greedy Relaxed Variant

The all-arc benchmarks of Section 8.5 plot a fifth policy, IE-Greedy Relazed. It uses the same
forced-exploration rule and certified identifying set as IE-Greedy, but replaces the constrained
least-squares projection onto M by an affine least-squares estimate followed by projection onto the
simplex, isolating the cost of enforcing the model-class constraint exactly. Across every benchmark

of Section 8 the two policies follow almost the same regret path, as expected from their common
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identifying set and forced-exploration schedule; the variant changes estimator cost rather than

regret. We therefore report it for completeness but do not discuss it separately.
F.3. Implementation Details

All algorithms were coded in Julia v1.12.4 (Bezanson et al. 2017). We use JuMP v1.30.1, MathOpt-
Interface v1.51.1, Gurobi.jl v1.9.2 with native Gurobi v13.0.0, MosekTools v0.15.10, and MOSEK
v11.2.0. Gurobi is used for the all-arc graph oracle and the Value-UCB linear programs; MOSEK
is used for the lower-bound and conic calibration routines and for the identifying-set MILPs in the
controlled and layered-network suites. All experiments were performed on a macOS 26.4.1 machine
with an Apple M5 processor and 16 GB of RAM. Julia was launched with 10 threads and BLAS
was restricted to one thread. In the benchmark tables, policy time is the mean wall-clock time in
seconds for one invocation of the online simulation, curve summarization, and summary construc-
tion for an accepted instance with 30 replications; instance construction, acceptance screening,
oracle-equivalence checks, identifying-set selection, and checkpoint serialization fall outside the
timed block. There is no warm-up pass, so first-use compilation may enter a measurement; these

times are descriptive rather than controlled microbenchmarks.

F.4. Exploration Multiplier Sensitivity

Figure EC.1 varies the IE-Greedy multiplier 8 on the three-path instance, isolating the finite-

horizon trade-off between diagnostic sampling and forced-exploration cost.

(a) Linear Scale (b) Logarithmic Scale

12000 12000 1

10000 10000

8000 8000 1
6000 6000

4000 4000 1

Cumulative Regret
Cumulative Regret

2000 2000 4 -

0 10000 20000 30000 40000 50000 102 10% 104
Period Period

Figure EC.1 Sensitivity of IE-Greedy to the exploration multiplier 5 on the three-path instance with € = 0.1,
nrep = 300 replications, and 7' = 50,000. The grid is {0.5,1,2,5,10,20,40,80}. Small multipliers
under-explore and can leave the policy in the dominated-information trap; large multipliers are

robust but pay unnecessary forced-exploration cost.

The best final pseudo-regret occurs at g =15, with final regret 231.7. Smaller multipliers under-
explore: at 8 = 0.5 the final regret is 12,490.5, an order of magnitude worse. Larger multipliers
are safe but increasingly conservative, with final regret rising from 394.5 at 8 =10 to 3,117.6 at

B = 80. The main message is that identifying exploration removes the linear-regret failure, but
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its finite-horizon cost hinges on a multiplier that is not obvious ex ante. This is a finite-horizon
observation about tuning, not a statement about the sufficient threshold of Theorem 2, which is

instance dependent and generally conservative.

F.5. Lower-Bound Calibration Instance

The calibration in Section 8.3 needs a finite lower-bound constant and an identifying design whose
exploration cost can be calibrated to it. This restricted-model instance supplies both.

ExaMPLE EC.2. Retain the three parallel paths and action convention of Section 4.2: By := () and
B;:={T;}, i=1,2,3, with K =1 and lowest-index tie-breaking. Replace the cost support by four

scenarios,

—(L 49 1 l)
P= 11001000474/ >

T'BOZTBQZ(L%?;%)Tv B, :(107%7%7%)T7 TBSZ(l’l’l’l)T'

Actions By, By, and B, distinguish scenario 1 from {2,3,4}, whereas Bj; distinguishes {1,2} from
{3,4}. At p, the expected values of (By, By, Bs, B3) are (0.505,0.595,0.505,1), so B*(p) = {Bs},
Ap,(p) = Ap,(p) =0.495, and Ag, (p) =0.405. A costly confounding alternative must preserve the
path law of Bz, which requires ¢; +¢» =1/2. Only B; can then displace Bs: its expected value is
1/2+4(19/2)q; and exceeds 1 exactly when ¢; >1/19.

The actions By, B;, and B, have the same information number, D((1/100,99/100) || (¢1,1 —aq1)),
while Bj carries no information against these alternatives. This divergence is increasing for ¢; >

1/19, and its limiting value as ¢; | 1/19 is
Dea = D((1/100,99/100) || (1/19, 18/19)) ~ 0.026969.

The model-class LBP therefore minimizes 0.495x 5, 4+ 0.4052 5, + 0.495x 5, subject to (xp, + =5, +
Zpy)Deal > 1, giving

~ 15.017.

. ) ) . 0.405
Tp, =T, =0, acBlzD—%37.079, Ku(p) =

cal cal
Finally, £ = { B, B3} is identifying over M: B; identifies ¢;, Bs then identifies ¢y, and the model
restriction and normalization determine ¢z = g4. Thus the cheapest informative action combines

with the optimal action to form the identifying set used in Section 8.3.

F.6. All-Arc Regret Time Paths
Figures EC.2 and EC.3 show the trajectories behind the terminal values in Tables 4 and 5, making

visible what their standard-error columns only imply: Value-UCB holds a single optimistic action

for long stretches, giving nearly deterministic regret paths.
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Figure EC.2 E4: mean cumulative pseudo-regret over time on the random graph benchmark.
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Figure EC.3 E4: mean cumulative pseudo-regret over time on the Arizona—Mexico benchmark.

F.7. Layered Graph Benchmark

Table EC.1 reports the all-arc layered graph benchmark of Section 8.5, isolating depth and width
on a regular topology. It reproduces the random graph pattern: Full-feedback TS is the best infor-
mational reference, Path-only TS stays close to it, and identifying exploration is expensive at the
short horizon. In the largest block Path-only TS ends at 39.4 versus 27.5.

Table EC.1 All-arc layered graph benchmark at 7= 1000. Rows combine L € {3,4,5} layers with
(w,K) €{(2,1),(4,2),(5,3)}; columns follow Table 4.

Layers )eNro;i(zir nﬁ;‘n Rej. Mean regret (SE; max) Policy time (s)
per faye Full-feedback TS Path-only TS UCB IE-Greedy IE-Greedy Relaxed Full-feedback TS Path-only TS UCB IE-Greedy IE-Greedy Relaxed

161.0 278.8 2,494 2,494

3 2 1 13 167 (40.0; 826.0)  (116. ) (298.6; 7,009) ; 0.0426 3.030 0.1729  1.230 0.0143
x; 6 984.6 984.¢€

3 4 2 81 0 (21.7; 614.7)  (168.4; 3, (103.3; 2,355)  (103.3; 2,355) 0.0383 2.250 1.462  2.981 0.0375
94.5 635.2 ) 1,111

3 5 3361k 0 (24.1; 625.9)  (188.7; 4,254) (100.5; 2,464) (100.5; 2,464) 1.042 2.625 8.940  3.747 1.066
111.6 201.5 2,088 2,089

4 2 1 17 18 (29.8; 763.6)  (79.0; 1,754) (247.4; 7,131)  (247.4; 7,131) 0.0066 2,631 0.1640 1.701 0.0105
35.9 562.2 689.8 689.8

4 4 2 16k 0 (9.4; 259.6)  (148.5; 2,907) (78.2; 2,070) (78.2; 2,070) 0.0864 1.367 2355  4.019 0.0814
35.4 45.3 636.7 897.2 897.3

4 5 31024k 0 (5.9 117.2) (7.4;144.3)  (185.3; 5,033) (98.3; 2,482) (98.3; 2,483) 4.135 5.245  20.04  7.346 4.073
30.2 85.6 785. 1,460 1,461

5 2 1 21 6 (6.4; 147.4) (18.8; 438.0)  (220.8; 3,904) (180.2; 4,350) (180.0; 4,350) 0.0054 1.867  0.1883 1.971 0.0119
25.3 36.3 443.4 591.4 591.4

5 4 2 26k 0 (4.8 88.5) (7.3;139.8)  (117.3; 2,005) (57.9; 1,549) (57.9; 1,549) 0.1338 0.9853  2.966  3.768 0.1252

27.5 39.4 553.6 957.7 957.7
5 5 32219k 0 (4.9;947) (10.4; 285.5)  (147.4; 3,252) (61.5; 1,921) (61.5; 1,921) 10.43 1046 3477 1355 10.61
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